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Parallel transport for vector bundles on p-adic varieties
Christopher Deninger Annette Werner
Abstract:
We develop a theory of e´tale parallel transport for vector bundles with numerically
flat reduction on a p-adic variety. This construction is compatible with natural opera-
tions on vector bundles, Galois equivariant and functorial with respect to morphisms
of varieties. In particular, it provides a continuous p-adic representation of the e´tale
fundamental group for every vector bundle with numerically flat reduction. The re-
sults in the present paper generalize previous work by the authors on curves. They
can be seen as a p-adic analog of higher-dimensional generalizations of the classical
Narasimhan-Seshadri correspondence on complex varieties. Moreover, they provide
new insights into Faltings’ p-adic Simpson correspondence between small Higgs bun-
dles and small generalized representations by establishing a class of vector bundles
with vanishing Higgs field giving rise to actual (not only generalized) representations.
2010 MSC: 14J20, 11G25
1 Introduction
In the present paper we develop a theory of e´tale parallel transport for suitable vector
bundles on a p-adic variety X . The vector bundles we consider are those with numerically
flat (equivalently, Nori-semistable) reduction on a model of X over the ring of integers.
Referring to later sections for the precise definitions let us begin by stating our main result,
which combines Proposition 9.4 and Theorem 9.5.
Theorem Let X be a smooth, complete variety over Qp and let E be a vector bundle on
X ⊗ Cp with numerically flat reduction. Then for any e´tale path γ from a point x ∈ X(Cp)
to a point x′ ∈ X(Cp) our construction below gives a canonical isomorphism
ρE(γ) : Ex
∼
→ Ex′ .
We have ρE(γ1 · γ2) = ρE(γ1) ◦ρE(γ2) if the paths γ1 and γ2 can be composed. The paral-
lel transport ρE(γ) depends continuously on γ and it is compatible with direct sums, tensor
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products, duals, internal homs and exterior powers. Moreover it is Galois equivariant and
functorial with respect to morphisms of varieties. In particular we obtain a continuous rep-
resentation
(1) ρE,x : π1(X, x) −→ GL (Ex)
for every x ∈ X(Cp).
In fact, all vector bundles considered in this result are numerically flat on X⊗Cp by Theorem
9.7. If the smooth variety X ⊗ Cp is projective this is equivalent to the fact that they have
vanishing Chern classes and are slope semistable with respect to one (equivalently: all) polar-
izations. The theorem generalizes previous results for curves [DW05]. Note that our parallel
transport can be seen as a p-adic analog of generalizations of the classical Narasimhan–
Seshadri correspondence to higher dimensional complex varieties as in [Don85], [MR84] and
[UY86]. In the complex case, this theory is the special case of the Simpson correspondence
[Sim92] in the case of vanishing Higgs field. There exists also a p-adic version of Simpson’s
correspondence developed by Faltings [Fal05] and [Fal11]. A detailed and systematic treat-
ment is provided by [AGT16]. If X is a curve, this correspondence relates Higgs bundles and
generalized representations. It is shown in [Xu17] that for curves our parallel transport is an
inverse to Faltings’ functor for a category of of suitable vector bundles with trivial Higgs field.
It is an open problem, however, to determine the category of Higgs bundles corresponding
to actual p-adic representations in the p-adic Simpson correspondence.
In higher dimensions, Faltings’ p-adic Simpson correspondence gives an equivalence between
small Higgs bundles and small generalized representations. Our main new insight into the
zero Higgs field case of [Fal05] is the construction of actual (not merely generalized) repre-
sentations associated to a natural category of vector bundles E. Apart from this, our result
provides a functor of parallel transport which is a stronger structure than a representation of
the fundamental group. Note that Liu and Zhu [LZ17] establish a Riemann-Hilbert functor
on rigid analytic varieties which yields part of a p-adic Simpson correspondence, namely a
tensor functor from the category of e´tale Qp-local systems to the category of nilpotent Higgs
bundles. We also draw the reader’s attention to the paper [OV07] establishing a charac-
teristic p analog of Simpson’s nonabelian Hodge theory and to the related construction of
Higgs-deRham flows in [LSZ].
In the present paper, the parallel transport morphisms are defined by taking a p-adic limit
over morphisms modulo all pn. This relies on infinitely many reduction conditions on the
vector bundle. An important step of the proof of the theorem is therefore to show that the
numerical flatness condition we impose on the reduction of a vector bundle implies these
infinitely many reduction conditions on suitable covers of the original model. This requires
in particular the construction of covers on which certain cohomology obstructions vanish.
Here we need a strengthening of Bhatt’s result [Bha15] which is due to Bhatt and Snowdon
[BS16].
It is an interesting open problem to find a semistability condition for a vector bundle on the
smooth projective variety X itself, i.e. not involving models, which guarantees the existence
of e´tale parallel transport.
Let us now describe the contents of the present paper in more detail. Section 2 deals with
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numerically flat vector bundles on a projective scheme X over a field k. Later on, we want to
apply these results to special fibers of integral models of our p-adic variety. By definition, a
vector bundle E on X is called numerically flat, if E and its dual are nef. This is equivalent
to the fact that for all morphisms f : C → X from smooth projective curves C to X over k,
the bundle f∗E is semistable of degree zero. Generalizing a boundedness result by Langer,
we show that for k = Fp numerically flat bundles have vanishing Chern classes and become
trivial after pullback to some Y → X which is the composition of a finite e´tale morphism
with a Frobenius (see Theorems 2.2 and 2.3). As a byproduct of the work in Section 2
we show that the S-fundamental group and Nori’s fundamental group are isomorphic group
schemes for every projective connected reduced scheme over a finite field or its algebraic
closure. Formerly this was known in the smooth case.
In Section 3 we provide the necessary background on models of p-adic varieties over the ring
of integers. We show how to pass to projective models with reduced special fibers and smooth
generic fibers in Lemma 3.8. Here we have to deal with a number of technical difficulties,
e.g. we need equivariant resolution of singularities.
In Section 4 we provide the formal framework for constructing parallel transport modulo pn.
In particular, we prove a Seifert-van Kampen theorem for the groupoid of e´tale paths. This
kind of gluing result is necessary since later on we work with covers of models which are
only locally finite e´tale in the generic fiber. Our basic construction is given in 4.4: Let E
be a vector bundle on a model X of a p-adic variety and assume that there exists a suitable
morphism π : Y → X which is finite e´tale surjective over some open dense subset U of the
generic fiber of X and which has the property that π∗E is trivial modulo pn. Then π∗E can be
endowed with a trivial parallel transport modulo pn, and this descends naturally to parallel
transport along e´tale paths in U .
The following three sections show how to apply this construction to vector bundles with
numerically flat reduction. In Section 5 we prove that every vector bundle E on a model
X of a smooth and projective Qp-variety X which has numerically trivial special fiber gives
rise to the following data: an open covering {Ui} of X together with complete morphisms
πi : Yi → X which are finite e´tale and surjective over Ui such that π∗i E has trivial special fiber
(see Theorem 5.4). In order to prove this theorem, we use the fact that a numerically flat
bundle on the special fiber of X can be trivialized by the composition of a finite e´tale covering
of the special fiber followed by a Frobenius. By a careful geometric argument involving a
naive Frobenius on projective space we succeed to lift a suitable covering of the Frobenius
to characteristic zero, which gives the desired trivializing covers.
The goal of Section 6 is the following theorem, which is a strengthening of [Bha15], Theorem
1.2 over a complete discrete valuation ring oK of mixed characteristic and perfect residue
field k.
Theorem 6.1 Let X be a reduced and proper scheme over oK, and let F ⊂ X a finite set of
closed points which is contained in a connected, quasi-projective, smooth open subset of the
generic fiber XK. There is an oK-scheme Z and a proper oK-morphism f : Z → X such that
i) For all i ≥ 1, the pullback f∗ : Hi(X,OX) → Hi(Z,OZ) is divisible by p as a group
homomorphism.
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ii) The map f is finite e´tale surjective around F .
In fact, the proof follows the proof of [Bha15], Theorem 1.2 paying close attention to the
alterations involved in order to establish the new condition ii). For this purpose the paper
[BS16] by Bhatt and Snowdon is a crucial tool.
In Section 7, we use the previous theorem in order to prove the following result (which
combines Theorem 5.4 and Theorem 7.1).
Theorem Let X be a smooth complete variety over Qp and X a model of X over Zp. Let
E be a vector bundle on X with numerically flat special fiber. For every n ≥ 1 there exists
an open covering {Ui} of X together with complete morphisms πi : Yi → X which are finite
e´tale and surjective over Ui such that π
∗
i E is trivial modulo p
n.
In order to prove this theorem, we start with the covering which trivializes the special fiber
of E and lift it to coverings trivializing E modulo pn by killing obstructions in H1(X ⊗
Zp/pnZp,O) and H2(X⊗ Zp/pnZp,O) with the help of Theorem 6.1.
Now our basic construction 4.4 applies. We can glue with the help of our Seifert-van Kampen
result and pass to the p-adic limit in order to define in Section 8 isomorphisms of p-adic
parallel transport along e´tale paths for all vector bundles E with numerically flat reduction
on a model X, see Theorem 8.4 and Proposition 8.6. In Section 9 we vary the models and
deduce our main theorem above.
Section 10 deals with a straightforward generalization of our theory to a bigger class of vector
bundles which in particular contains all line bundles with vanishing rational first Chern class.
Acknowledgements. We are very grateful to Bhargav Bhatt, Johan de Jong, Adrian Langer
and Stefan Wewers for helpful discussions and email exchanges. Many thanks go to Bhargav
Bhatt for kindly refining the main theorem of [Bha15] in [BS16].
2 Numerically flat bundles
Throughout this paper, a variety over a field k is a geometrically integral separated scheme
of finite type over k. Recall that a scheme is called integral if it is irreducible and reduced.
We want to study the following class of vector bundles which was introduced in [DMOS82]
(2.34).
Definition 2.1 Let X be a connected and complete scheme over a perfect field k. A vector
bundle E over X is called Nori-semistable if for all k-morphisms f : C → X from smooth
connected projective curves C over k into X the pullback f∗E is semistable of degree zero.
A related but different notion is due to Nori [Nor82] who considers only pullbacks to embed-
ded smooth projective curves. In [DMOS82] the bundles in Definition 1 are simply called
semistable. Since this can lead to misunderstandings, the name Nori-semistable has been
adopted by several authors.
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By definition E is Nori-semistable on X if and only if E |Xred is Nori-semistable on X
red.
Moreover for a k-morphism g : Y → X of complete connected k-schemes and a Nori-
semistable bundle E on X the pullback g∗E is a Nori-semistable bundle on Y .
The bundles in question have an internal characterization. Recall that a vector bundle E on
a connected complete k-scheme X is called nef if the line bundle OP(E)(1) on P(E) is nef.
The vector bundle E is called numerically flat if E and its dual bundle E∗ are nef. It follows
from the definition that if g : Y → X is a surjective k-morphism of complete connected
k-schemes and if g∗E is numerically flat then the vector bundle E on X is numerically flat
as well.
It is known that E is a Nori-semistable bundle if and only if E is numerically flat, see [Lan11]
1.2.
A line bundle L on a projective integral scheme X over k is numerically flat if and only if it
is in PicτX i.e. if a tensor power LN is in Pic0X , see [Lan12] 1.3.
Consider a complete algebraic scheme X over a field k and let A∗(X) and A
∗(X) = A∗(X
id
−→
X) be the homology and the (operational) cohomology theory, respectively, of algebraic cycles
modulo rational equivalence, [Ful98] Chapter 17. There is a cap product pairing
∩ : Ai(X)×Aj(X) −→ Aj−i(X)
and the well-known degree map on zero cycles∫
X
: A0(X) −→ Z.
The singular Grothendieck-Riemann-Roch theorem of Baum–Fulton–MacPherson implies
that for all vector bundles E on X we have
(2) χ(X,E) =
∫
X
ch(E) ∩ Td(X)
for a certain class Td(X) in A∗(X)Q, see [Ful98] Corollary 18.3.1. Here ch (E) ∈ A∗(X)Q is
the (operational) Chern character of [Ful98] Example 3.2.3. It satisfies the formula
ch (E ⊗ F ) = ch (E) ch (F )
for vector bundles E and F . Thus if E has rank r and all Chern classes of E in A∗(X)Q
vanish, we have
(3) χ(X,E ⊗ F ) = rχ(X,F ) .
In the case where the base field k is finite or where k = Fp there is the following characteri-
zation of numerically flat vector bundles:
Theorem 2.2 Let E be a vector bundle on a projective connected scheme X over k = Fq or
k = Fp. Then the following properties are equivalent:
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i) E is numerically flat (equivalently Nori-semistable).
ii) There are a projective connected scheme Y over k, a finite e´tale morphism π : Y → X,
and an integer ν ≥ 0, such that for the composition
ϕ : Y
F ν
−−→ Y
π
−→ X
the pullback ϕ∗E is a trivial bundle. Here for F we may either take the absolute Frobenius
morphism F = Frp or a k-linear Frobenius morphism F = Frq = Fr
r
p where q = p
r (for
k = Fq) resp. F = Frq ⊗Fq idk (for k = Fp) corresponding to an isomorphism Y = Y0 ⊗Fq k
with Y0 a proper scheme over Fq.
The theorem will be proved together with the following result
Theorem 2.3 Let E be a numerically flat (equivalently Nori-semistable) bundle of rank r
on a complete connected scheme X over k = Fq or k = Fp. Then ci(E) = 0 in A∗(X)Q for
all i ≥ 1 and χ(X,E ⊗ F ) = rχ(X,F ) for all vector bundles F on X.
Proof Since k is perfect the projection prY in the following diagram defining the relative
Frobenius morphism F˜rq is an isomorphism
Y Frq
##
F˜rq
$$■
■■
■■
■■
■■
■
  
Y ⊗k,()q k
prY∼ //

Y

Spec k
Frq
∼ // Spec k
Any isomorphism Y = Y0 ⊗Fq k gives rise to a commutative square
Y
F˜rq // Y ⊗k,()q k
Y0 ⊗Fq k
Frq⊗idk// Y0 ⊗Fq k
of k-morphisms. It follows that for a vector bundle on Y it is equivalent to be trivialized
by either of the pullbacks via Frq, F˜rq or Frq ⊗ idk. Now assume that ii) holds. Since F˜rq
and π are surjective, the k-linear morphism ϕ˜ = π ◦ F˜r
ν
q is surjective as well. Since numerical
flatness can be tested after pullback by a surjective k-linear morphism, it follows that ii)
implies i). For the reserve implication we may assume that k is finite since E and X can be
descended to a numerically flat vector bundle on a projective connected scheme over Fq for
some q. We first treat the case where the scheme X is a projective normal variety over the
finite field k. Using Langer’s boundedness result [Lan12] Theorem 1.1 it follows that the set
of isomorphism classes of numerically flat vector bundles on X of a given rank is finite. Hence
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there are integers µ > ν ≥ 0 such that Frν∗q E ∼= Fr
µ∗
q E. Setting G = Fr
ν∗
q E and n = µ− ν it
follows that Frn∗q G
∼= G. The proof of [LS77] Satz 1.4 extends without change to an arbitrary
Fq-scheme (note that finiteness is not proved there but true). As Adrian Langer pointed out
to us, this result is also contained in the earlier paper [Kat73], see the proof of Proposition 4.1.
Hence there is a finite e´tale morphism π : Y → X such that π∗G = π∗Frν∗q E = Fr
ν∗
q π
∗E is a
trivial bundle. Since X is connected we may assume that Y is connected as well (by passing
to a connected component). Moreover, since X is projective and π is finite, Y is projective
as well. Thus assertion ii) is proved for normal projective varieties X . Next we note that
for any vector bundle E on X such that ϕ∗E is trivial the Chern classes ci(E) ∈ A∗(X)Q
vanish for i ≥ 1. This follows from the relation π∗π∗ = d on A∗(X) where d is the degree of
the finite e´tale map π and from the formula ci(Fr
∗
pE) = p
ici(E). Hence Theorem 2.3 holds
if X is a normal projective variety over k = Fq or Fp. To deduce Theorem 2.3 in general we
need the following notions from [Ful98] Definition 18.3, see also [Kim92]. An envelope of a
scheme X is a proper morphism f : X ′ → X such that for every subvariety V of X there is a
subvariety V ′ of X ′ such that f maps V ′ birationally onto V . According to [Ful98] Example
17.3.2 the pullback morphism
f∗ : A∗(X) −→ A∗(X ′)
along an envelope f is injective. If X and X ′ are K-schemes for a field K and f is a
morphism over SpecK the envelope is called a Chow envelope if X ′ is quasiprojective over
SpecK. Any K-scheme X has a Chow envelope f : X ′ → X by [Ful98] Lemma 18.3 (3)
and we may assume that X ′ is reduced. We claim that if X is a complete K-scheme there
exists an envelope g : X ′′ → X where X ′′ is the disjoint union of projective normal varieties
over SpecK. Since the composition of envelopes is an envelope we may assume by passing
to a Chow envelope that X is a reduced projective K-scheme. The regular locus U ⊂ X is
dense in X . By induction on the dimension of X we can assume that there is an envelope
X ′′1 → X \ U of the desired type over the singular locus of X . Let X
′′
2 be the disjoint union
of the normalizations of the irreducible components of X . Then
π : X ′′ := X ′′1 ∐X
′′
2 −→ X
is the desired envelope. Hence the pullback morphism
π∗ : A∗(X) −→ A∗(X ′′)
is injective. Consider X as in Theorem 2.3 and let E be a numerically flat vector bundle on
X . Then π∗E is numerically flat on each connected component X ′′(α) of X
′′. Since X ′′(α) is a
projective normal variety over k it follows from what we have seen that π∗ci(E) = ci(π
∗E)
is zero in A∗(X ′′)Q =
⊕
αA
∗(X ′′(α))Q for i ≥ 1. Since π
∗ is injective the Chern classes ci(E)
in A∗(X)Q vanish as well and formula (3) holds. Thus Theorem 2.3 is proved. We will now
prove the implication i) ⇒ ii) in Theorem 2.2 for arbitrary projective connected k-schemes
X . As mentioned above it suffices to consider the case k = Fq. It is enough to show that
there are only finitely many isomorphism classes of numerically flat vector bundles on X .
Then we can use the Langer–Stuhler argument as before. Note that finiteness is implied by
[Lan04], Theorem 4.4. Since the reduction step to the smooth case is left to the reader in
loc. cit., let us give an argument here. We first assume that X is reduced. Let X˜ be the
disjoint union of the normalizations of the irreducible components of X and let π : X˜ → X
be the corresponding finite surjective morphism. For a numerically flat vector bundle E on
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X the restrictions of π∗E to the connected components of X˜ which are normal projective
varieties over k = Fq are numerically flat. By the above, up to isomorphism there are only
finitely many possibilities for them and hence for π∗E. The adjunction map E → π∗π∗E is
injective and we obtain an exact sequence of coherent sheaves on X
0 −→ E −→ F −→ G −→ 0
where F = π∗π∗E. Since there are only finitely many possibilities for F we may assume
that F is any fixed coherent sheaf on X and we have to show that up to isomorphism it has
at most finitely many quotients F ։ G whose kernel is E. Choose a polarization O(1) of
the projective variety X . By Theorem 2.3 we have χ(X,E(n)) = rχ(X,O(n)) where r is the
rank of E. Since we fixed F , the Hilbert polynomial of G is fixed as well
χ(X,G(n)) = χ(X,F(n))− rχ(X,O(n)) =: P (n) .
The isomorphism classes of the relevant quotients G of F therefore correspond to the Fq-
valued points of the Quot scheme QuotPF/X/Fq which exists and is of finite type over Fq by
a result of Grothendieck. Hence there are only finitely many G’s and hence E’s. Finally let
X be an arbitrary connected projective scheme over k = Fq. We have just seen that up to
isomorphism there are only finitely many numerically flat vector bundles on Xred. Let J be
the nilideal of OX and let Xn be the subscheme of X corresponding to Jn. For large enough
n we have Xn = X and X1 = Xred. We will show by induction on n that there are only
finitely many numerically flat vector bundles E on Xn. The case n = 1 being settled, assume
that the assertion has been shown on Xn−1 for some n ≥ 2. Consider the exact sequence of
OXn -module sheaves
0 −→ Jn−1/Jn −→ OXn −→ OXn−1 −→ 0 .
Tensoring with E and noting that Jn−1/Jn is an OX1 = OX/J-module we get the exact
sequence
0 −→ E |X1 ⊗ J
n−1/Jn −→ E −→ E |Xn−1 −→ 0 .
By the induction assumption it is therefore enough to show that there are only finitely many
extension classes of E |Xn−1 by E |X1 ⊗ J
n−1/Jn on Xn. We have
Ext1Xn(E |Xn−1 , E |X1 ⊗ J
n−1/Jn)
=Ext1X1(E |X1 , E |X1 ⊗ J
n−1/Jn)
=H1(X1,End(E |X1)⊗ J
n−1/Jn) .
Since X1 is projective over Fq and the coefficients are coherent, this cohomology group is
finite. Note that the ✷
We note the following fact which was shown in the preceding proof
Theorem 2.4 There are only finitely many isomorphism classes of numerically flat (or
Nori-semistable) vector bundles on a projective connected scheme over a finite field.
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The category of numerically flat vector bundles on a complete, reduced connected k-schemeX
with a point x ∈ X(k) is a neutral Tannakian category with the faithful fibre functor E 7→ Ex,
see [Lan11] Proposition 5.5. Langer calls its Tannakian dual πS1 (X, x) the S-fundamental
group of X . It is defined for any perfect field k. There is also Nori’s fundamental group
πN1 (X, x) which is the Tannakian dual of the category of essentially finite vector bundles on
X , see [Nor82]. They can be characterized as those bundles which can be trivialised by a
torsor on X under a finite group scheme over k. The essentially finite bundles form a full
subcategory of the numerically flat bundles and as pointed out in [Lan11] Lemma 6.2 one
obtains a faithfully flat homomorphism
πS1 (X, x) −→ π
N
1 (X, x) ,
In general it is not an isomorphism.
Corollary 2.5 For a projective connected reduced scheme X over k = Fq or k = Fp and a
point x ∈ X(k), the natural morphism
πS1 (X, x) −→ π
N
1 (X, x)
is an isomorphism of group schemes over k.
Remark For smooth projective varieties X over Fp the result was previously shown by
Mehta, unpublished, see [Lan11] end of introduction.
ProofWe have to show that every numerically flat vector bundle E on X is essentially finite.
We use an argument from [Sub07]. Consider the Tannakian subcategory 〈E〉⊗ generated by
E in the category of numerically flat vector bundles on X . The Tannakian dual of 〈E〉⊗ is the
monodromy group scheme GE of E. Let r be the rank of E. The GL n-torsor associated to E
allows a reduction of structure group to GE . Thus we get a GE -torsor π : P → X such that
π∗E is a trivial bundle. By Theorem 2.4 there are only finitely many isomorphism classes of
numerically flat vector bundles on X . Hence there are µ > ν ≥ 0 with F ν∗E ∼= Fµ∗E. The
same argument as in [Sub07] now implies that GE is a finite group scheme over k. ✷
3 Models
For the theory of the e´tale parallel transport we require certain reduction properties for
vector bundles on p-adic varieties. In order to formulate them we now discuss some fact
about models of p-adic varieties and their covers. Let R be a valuation ring of characteristic
zero which is the filtered union of discrete valuation rings dominated by R. By Q we denote
its quotient field, and by k the residue field. Then SpecR has two points and hence the
generic point SpecQ is open in SpecR.
Definition 3.1 A proper pair (X, U) over R consists of the following data:
i) A model X over R i.e. an R-scheme which is flat, proper and of finite presentation.
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ii) A non-empty open subscheme U of XQ = X ⊗R Q which is a smooth quasi-projective
variety over Q.
A morphism between proper pairs (X, U) and (X′, U ′) over R is an R-morphism X → X′
mapping U to U ′.
Given a proper scheme X over Q we say that X is a model of X over R if X is a model over
R and there is an isomorphism X ∼= X⊗R Q over Q.
Lemma 3.2 i) Let X be a model over R whose generic fibre XQ is geometrically connected.
Then all geometric fibres of X→ SpecR are geometrically connected.
ii) Let X be a model over R with integral generic fibre XQ. Then X is integral as well and
hence XQ is dense in X.
Proof i) This is a special case of [Gro66] Proposition (15.5.9), which is a consequence of
Stein factorization. ii) A proof is given in [Liu02] Chapter 4, Proposition 3.8. ✷
Lemma 3.3 Assume we are given the following data:
i) A finitely presented and proper morphism X→ SpecR,
ii) an open subscheme ∅ 6= U ⊂ XQ which is smooth over Q, and
iii) a connected component U0 of U which is a smooth quasi-projective variety over Q.
Then there is a proper pair (X0, U0) over R together with a finitely presented closed immersion
i : X0 →֒ X with the following properties
a) i−1(U) = U ∩ X0Q = U0, and in particular the restriction of i to a morphism U0 =
i−1(U)→ U is finite e´tale.
b) The generic fibre X0Q is a variety.
c) X0 is an integral scheme.
Remark The proposition applies in particular to proper pairs (X, U) in which case U = U0
but the more general version will also be needed twice later on.
Proof Using finite presentation and descent arguments together with Lemma 3.2 ii) we may
assume that R is a discrete valuation ring. Let X0 be the closure of U0 in X = X ⊗R Q,
i.e. the irreducible component of X containing U0. We give X0 the reduced subscheme
structure. Since U is contained in the regular locus of Xred and since the intersection of X0
with another irreducible component of X lies in the singular locus of X , it follows that we
have U ∩X0 = U0. Since U0 is a variety, it follows that X0 is a variety as well. The closure
X0 of X0 in X with the reduced structure is a proper R-scheme with X0 ⊗R Q = X0. Since
X0 is integral by Lemma 3.2 ii), and the composition X0 →֒ X → SpecR is surjective, the
morphism X0 → SpecR is flat. ✷
We often have to extend morphisms between varieties to models. This is always possible:
Lemma 3.4 With R and Q as above, let fQ : Y → X be a morphism of complete varieties
over Q and let X be a model of X over R. Then there exists a model Y of Y over R and a
proper morphism f : Y → X which extends fQ.
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Proof After descent we may assume that R is a discrete valuation ring. By Nagata’s theorem
[Lu¨t93] Theorem 3.2, there is a proper R-scheme Y ′ which contains Y as an open dense
subscheme. Since Y is complete, it is open, closed and dense in Y ′Q and hence Y = Y
′
Q. By
[Lu¨t93] Lemma 2.2 there is a blow-up Y of Y ′ with Y = Y ′Q = YQ such that the morphism
fQ : Y → X extends to a (proper) morphism f : Y → X. By passing to the irreducible
component of Yred containing Y we may assume that Y is integral. Since Y is proper
over SpecR and since the image of Y in SpecR contains the generic point it follows that
λ : Y → SpecR is surjective. Being integral, Y is therefore flat over R and hence Y is a
model of Y over R. ✷
Definition 3.5 An R-scheme λ : Y → SpecR is called a good model over R if the following
conditions hold:
(i) The morphism λ is flat, proper and finitely presented (i.e. Y is a model).
(ii) The generic fibre YQ = Y ⊗R Q is a (complete) variety.
(iii) The special fibre Yk = Y ⊗R k is geometrically reduced.
A good model Y is called very good if additionally we have
(iv) the morphism λ is projective and YQ is a smooth (projective) variety.
Proposition 3.6 For a good model λ : Y → SpecR we have λ∗OY = OSpecR universally.
The scheme Y is integral and Yk is geometrically connected.
Proof Since λ : Y → SpecR is finitely presented, by a descent argument we may assume
that R is a discrete valuation ring. By assumption λ is flat with geometrically reduced
fibres. It follows from [Gro63] Proposition 7.8.6 that the formation of λ∗OY commutes with
arbitrary base change. It remains to show that λ∗OY = OSpecR. Since λ is proper, the sheaf
λ∗OY is coherent and given by the finitely generated R-module Γ(SpecR, λ∗OY) = Γ(Y,O).
Note that Y is integral by Lemma 3.2 ii), hence this module is torsion free. It is therefore
free of finite rank since R is a discrete valuation ring. Thus we have λ∗OY = OrSpecR for
some r ≥ 1. It follows that Γ(YQ,O) = Q
r
and hence r = 1, since by assumption YQ is
integral and therefore connected and reduced. By Lemma 3.2 ii), Y is integral, and since
λ∗OY = OSpecR universally, its special fiber is geometrically connected. ✷
For our construction of the parallel transport we need to dominate proper pairs by good
models.
Notation 3.7 Let oK be a Henselian discrete valuation ring of characteristic zero, and let
oK be the normalization of oK in an algebraic closure K of K together with the unique
valuation prolonging the one on oK.
We then have the following useful fact:
Lemma 3.8 For any proper pair (X, U) over oK there is a very good model Y over oK and
a proper morphism π : Y → X whose restriction π−1(U)
∼
→ U is an isomorphism. One can
find such a model Y of the form Y = Y1 ⊗oL oK where Y1 is a very good model over oL for
some finite extension L of K which is a normal scheme.
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The proof is based on the following results:
Theorem 3.9 (Hironaka) Let X be a projective variety over an algebraically closed field
of characteristic zero and let U ⊂ X be a smooth open subvariety. Then there is a smooth
projective variety Y and a proper morphism π : Y → X such that the restriction π−1(U)
∼
→ U
is an isomorphism.
In [BM08] resolution of singularities has been made canonical. It follows that Theorem
3.9 also holds in an equivariant setting where a finite group G acts on X preserving U .
A resolution π : Y → X can then be found where G acts on Y and the morphism π is
G-equivariant. We will need this later on.
Next we need a version of Chow’s lemma with control on the center of blow up which follows
from [Ray72], Section 4, Proposition 5.
Theorem 3.10 (Chow’s lemma) Let S be a Noetherian scheme, X a proper S-scheme
and U ⊂ X an open subscheme which is quasi-projective over S. Then there is a projective
S-scheme X′ with an S-morphism π : X′ → X such that the restriction π−1(U)
∼
→ U is an
isomorphism.
Finally we require a version of Epp’s theorem due to T. Saito [Sai09] Corollary 1.1.5.
Theorem 3.11 (Epp–Saito) Let S = Spec oK be the spectrum of a discrete valuation ring
and f : X → S a normal scheme of finite type with smooth generic fibre. Then there exists
a surjection of spectra S′ = Spec oK′ → S of discrete valuation rings such that K ′ is a finite
extension of K and such that the normalization X′ of X×SS
′ has geometrically reduced fibres
over S′.
Proof of Lemma 3.8 By Lemma 3.3 we may assume that X = X⊗oK K is a variety. Using
Theorem 3.10 we find a projective variety Y over K with a morphism π : Y → X which
restricts to an isomorphism π−1(U)
∼
→ U . By Hironaka’s theorem we may assume that in
addition Y is smooth. Using finite presentation and possibly replacing Spec oK by a finite
extension we may assume that the proper pair (X, U) is the base extension of a proper pair
(X0, U0) over Spec oK . Moreover we may assume that Y = Y0 ⊗K K and π = π0 ⊗K K for a
smooth projective variety Y0/K and a morphism π0 : Y0 → X0 over SpecK which restricts
to an isomorphism π−10 (U0)→ U0. By Lemma 3.4 there is a model Y
′
0 of Y0 and a morphism
Y ′0 → X0 extending π0. Using Chow’s lemma alias Theorem 3.10 we find a projective scheme
Y ′′0 over Spec oK together with a morphism Y
′′
0 → Y
′
0 which is an isomorphism on the generic
fibres, i.e. Y ′′0 ⊗oK K = Y0. Taking the irreducible component of Y
′′
0 containing Y0 we may
assume that Y ′′0 is integral. Replacing Y
′′
0 by its normalization (which is again projective) in
the function field of Y ′′0 ⊗K = Y0 we may assume that in addition Y
′′
0 is normal. By Theorem
3.11 there is a finite extension L of K in K such that the normalization Y1 of Y ′′0 ⊗oK oL
has geometrically reduced fibres over Spec oL. Since Y
′′
0 ⊗oK oL is projective over oL and the
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normalization Y1 is finite over Y ′′0 ⊗oK oL, it follows that Y1 is projective over oL. Moreover
Y1 is flat over Spec oL since Y1 → Spec oL is surjective and Y1 is integral. Hence Y1 is a very
good model over oL and Y = Y1 ⊗oL oK is a very good model over oK . By construction the
composition
π : Y −→ Y ′′0 ⊗oK oK −→ Y
′
0 ⊗oK oK −→ X0 ⊗oK oK = X
induces an isomorphism π−1(U)→ U . ✷
The good models will be used later to construct the parallel transport. For proving indepen-
dence of the choice of models we will need the following result.
Lemma 3.12 Consider oK as in Notation 3.7, and let (X, U) be a proper pair over oK .
Assume that we are given proper morphisms πi : Yi → X with π
−1
i (U)→ U finite, e´tale and
surjective for 1 ≤ i ≤ r where r ≥ 1. Then there exists a very good model Y over oK and a
proper morphism π : Y → X with the following properties for 1 ≤ i ≤ r:
(i) π factors as a composition π : Y
ρi
−→ Yi
πi−→ X.
(ii) π−1(U) 6= ∅ and the restriction of each ρi to a morphism π−1(U) → π
−1
i (U) is finite
e´tale. In particular π−1(U)→ U is finite e´tale surjective.
Proof Set Y ′ = Y1 ×X . . .×X Yr with the canonical proper morphism π′ : Y ′ → X. We have
π
′−1(U) = π−11 (U) ×U . . . ×U π
−1
r (U). By assumption, π
−1
i (U) → U is surjective for all i
and hence π
′−1(U) 6= ∅. Moreover the morphism π
′−1(U) → U is finite e´tale. Let U ′ be
a connected component of π
′−1(U). Then U ′ is a smooth quasi-projective variety over K.
Applying Lemma 3.8 to the proper pair (Y ′, U ′) we find a very good model Y over oK with a
proper morphism ρ : Y → Y ′ such that ρ−1(U ′)
∼
→ U ′ is an isomorphism. The inverse images
under ρ of the other connected components of π
′−1(U) are empty since YK is irreducible.
Hence we have ρ−1(π
′−1(U)) = ρ−1(U ′). Consider the compositions π : Y
ρ
−→ Y ′
π′
−→ X and
ρi : Y
ρ
−→ Y ′
pri−−→ Yi. Properties (i) and (ii) now follow from the construction. ✷
For proving that the parallel transport is well defined we will later need an equivariant version
of Lemma 3.12 in the case where r = 1.
Lemma 3.13 Let (X, U) be a proper pair over oK as in Lemma 3.12. Assume that we are
given a proper morphism π′ : Y ′ → X with V ′ := π
′−1(U)→ U finite e´tale surjective. Then
there exist a finite group G, a good model Y over oK with a G-action and a G-equivariant
proper morphism π : Y → X where G acts trivially on X such that the following conditions
hold:
(i) π factors as a composition π : Y
ρ
−→ Y ′
π′
−→ X.
(ii) V = ρ−1(V ′) is non-empty and the morphism V → V ′ and hence V → U are finite and
e´tale. Moreover the morphism G × V → V ×U V, (g, v) 7→ (v, gv) is an isomorphism. In
particular G acts simply transitively on the geometric fibres of π |V over U .
Proof Covering Y ′ by a very good model as in Lemma 3.12 for r = 1 (or using Lemma 3.8),
we may assume that Y ′ is a very good model over oK and in particular that Y
′
K
is projective.
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Choose a finite e´tale morphism of smooth quasi-projective varieties V → U which factors
as V → V ′
π′
−→ U and which is Galois with group G as in (2). Replacing K by a finite
extension in K we may assume that everything descends to oK or K, respectively. Abusing
notation, we denote the descended objects by the same letters as before. Next we construct
a projective G-variety Y ′′ over Y ′ = YK containing V : Let Z be the relative normalization
of Y ′ in V via the morphism V → V ′ →֒ Y ′. Then Z is finite over Y ′ by [SP] Lemma
28.50.15, and since Y ′ is projective, the normal variety Z is projective as well. We have a
commutative diagram
V ⊂ Z
↓ ↓
V ′ ⊂ Y ′ .
For g ∈ G, let Zg be the relative normalization of Z in V via the morphism V
g−1
−−→ V ⊂ Z.
We get a commutative diagram
V ⊂
≀g−1

Zg
≀

V ⊂ Z
Let ϕg : Z
∼
→ Zg be the inverse morphism. The group G acts on the fibre product
∏
g∈G Zg
over K by the formula
(4) h · ((zg)g∈G) = ((ϕg ◦ϕ
−1
h−1g)(zh−1g))g∈G .
The image of V under the diagonal inclusion
V
∆
→֒
∏
g∈G
Zg , x 7→ (x)g∈G
is G-invariant because h · (x)g∈G = (hx)g∈G. Let Y be the closure of ∆(V ) in
∏
g∈G Zg
with the reduced structure. It is a projective scheme over K with a G-action and contains
V ∼= ∆(V ) as an open G-invariant subscheme. Y is integral and since it contains V which
is geometrically integral it follows that Y is a (projective) variety over K with a G-action
extending the one on V . We have a commutative diagram where pre is the projection to
Ze = Z:
V ⊂

Y ⊂
∏
g∈G Zg
pre

Z

V ′

 // Y ′ .
We view Y as a Z-scheme and hence as a Y ′ and X-scheme. Let πK : Y → Y ′ → X be
the morphism to X . We have πK ◦ g = πK on the open dense subscheme V by Y . By
separatedness it follows that πK ◦g = πK on Y for all g ∈ G. Next, using equivariant
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resolution of singularities, we may assume after base change to a finite extension of K that
the projective G-variety Y is also smooth. Using Lemma 3.4 we find a commutative diagram
Z

Yoo

Y ′ Y ′oo
where Z is a model over oK of Y which we may suppose to be normal. For g ∈ G let Zg
be the relative normalization of Z in Y via the morphism Y
g−1
−−→ Y ⊂ Z. Consider the
commutative diagram
Y ⊂
g−1

Zg
≀

Y ⊂ Z
and let ϕg : Z
∼
→ Zg be the inverse morphism. Again we let G act on the fibre product∏
g∈G Zg over oK by formula (4). The image of Y under the diagonal inclusion ∆ : Y →֒∏
g∈G Zg is G-invariant and we define Y to be the closure of ∆(Y ) in
∏
g∈G Zg with the
reduced subscheme structure. It is an integral proper oK-scheme with generic fibre Y and
a G-action extending the one on Y . We have a commutative diagram where pre is the
projection to Ze = Z
Y ⊂

Y ⊂
∏
g∈G Zg
pre

Z

Y ′

 // Y ′ .
Thus Y becomes a Y ′ and hence an X-scheme, and the generic fibre of the morphism π : Y →
Y ′ → X is the morphism πK defined above. As before π ◦g = π on the open dense subscheme
Y of Y and separatedness implies that we have π ◦g = π on all of Y. By passing to the
normalization we may assume that Y is normal. We now use Theorem 3.11: Replacing Y by
the normalization of Y ⊗oK oL for a suitable finite extension L of K we obtain a good model
over oL of Y ⊗K L mapping to Y ′ ⊗oK oL and X ⊗oK oL. Since normalization is functorial
the G-action extends to the new Y. Base changing from oL to oK we are done. ✷
Remarks a) The model Y that we constructed is actually projective over oK and hence a
very good model (since YK is smooth by construction). We do not need this however.
b) A similar method to extend G-actions is used in the proof of Lemma 2.4 in [Liu06].
4 Parallel transport modulo pn
In this section, we define parallel transport modulo pn as a functor on the fundamental
groupoid. Fix an algebraic closure Qp of Qp and let Cp be the completion of Qp. By Zp and
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o = oCp we denote the corresponding rings of integers.
The version of the e´tale fundamental groupoid that we will use is the following. Let Z be
a variety over Qp with a point z ∈ Z(Cp). The fiber functor Fz from the category of finite
e´tale covers Z˜ of Z to the category of finite sets attaches to Z˜ the set of Cp-valued points
of Z˜ over z. The objects of the (topological) category Π1(Z) are the points of Z(Cp). For
z, z′ ∈ Z(Cp) the morphism space
MorΠ1(Z)(z, z
′) = Iso (Fz , Fz′)
is pro-discrete, hence totally disconnected and a compact Hausdorff space. Composition of
morphisms is continuous. A morphism γ from z to z′ is called an e´tale path (up to homotopy).
The Grothendieck fundamental group of Z with base point z is the automorphism group of
the fiber functor Fz :
π1(Z, z) = MorΠ1(Z)(z, z) = Aut(Fz) .
For any morphism f : Z → Z ′ of varieties over Qp there is a natural continuous functor
f∗ : Π1(Z) → Π1(Z ′). Here a functor between topological categories is continuous if the
maps between the topological morphism spaces are continuous. Any automorphism σ of Qp
over Qp induces a continuous automorphism σ∗ : Π1(Z)→ Π1(σZ) where σZ = Z ⊗Qp,σ Qp.
These functorialities are explained in detail in [DW05] § 3, p. 578/579.
A groupoid is a category all of whose morphisms are isomorphisms. We call a groupoid C
quasi-finite if Mor(C,C′) 6= ∅ holds for all C,C′ in C and if for one (and hence every) object C
every finitely generated subgroup of Mor(C,C) = Aut(C) is finite. For any element ω ∈ Zp
with 0 < |ω| < 1 the ring o/ωo = Zp/ωZp is the filtered union of finite rings. It follows
that any finitely generated subgroup of GL r(o/ωo) is finite. The groupoid Freer(o/ω) of
free o/ω-modules of rank r is therefore quasi-finite. We can now formulate the Seifert-van
Kampen theorem that we need:
Theorem 4.1 i) Let Z be a normal variety over Qp and let γ be an e´tale path from x ∈
Z(Cp) to x′ ∈ Z(Cp) in Z. Then for all open subschemes U and U ′ of Z with x ∈ U(Cp)
and x′ ∈ U ′(Cp) and any point y ∈ (U ∩ U ′)(Cp), there are e´tale paths γU from x to y in U
and γU ′ from y to x
′ in U ′ such that we have
γ = (jU ′)∗γU ′ ◦ (jU )∗γU .
ii) Let Z be a variety over Qp and let U be an open covering of Z which is stable under finite
intersections. Let C be a quasi-finite groupoid and assume that we are given functors ρU :
Π1(U) → C for every member U of the covering U such that for every inclusion j : V →֒ U
we have ρV = ρU ◦ j∗. Then there is a unique functor ρ : Π1(Z) → C with ρU = ρ ◦ jU∗ for
every U in U with jU : U →֒ X denoting the inclusion.
Proof i) Since connected schemes are e´tale pathwise connected, see [SGA03] Expose´ V, § 7,
we can choose an e´tale path δ in Z from x′ to y. Then γ1 = δ ◦γ and γ2 = δ
−1 are e´tale
paths in Z from x to y and from y to x′, respectively, and we have γ = γ2 ◦γ1. It suffices to
show that
(jU )∗ : MorΠ1(U)(x, y) −→ MorΠ1(Z)(x, y)
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is surjective, and that the analogous map (jU ′)∗ is surjective. Since U is connected and hence
e´tale path connected, it suffices to show that the homomorphism
(jU )∗ : π1(U, x) −→ π1(Z, x)
is surjective. Let K be the common function field of U and Z and K an algebraic closure.
Set η = SpecK. Connecting x to η in U (and hence in Z) it suffices to show that the map
(jU )∗ : π1(U, η) −→ π1(Z, η)
is surjective. This follows immediately from the description of π1(U, η) and π1(Z, η) as the
Galois groups over K of the maximal over U and over Z, respectively, unramified extension
field of K in K. Here we need that Z and hence U are normal varieties, see [SGA03], Expose´
V, Proposition 8.2.
ii) Although i) provides part of an algebraic proof of ii) we do not know a quick way to give
a full algebraic proof of ii). We therefore reduce ii) to a known Seifert-van Kampen theorem
in topology using several standard results. Note that the algebraic fundamental group of a
variety over an algebraically closed field of characteristic zero does not change under base
extension to a bigger algebraically closed field. It follows that Π1(Z) = Π1(ZCp) where the
objects are the same, i.e. Z(Cp), and the morphisms of Π1(ZCp) are defined using fibre
functors on the category of finite e´tale coverings of ZCp . Next we identify Cp with C as fields
and claim that
(5) Π̂top1 (Z(C)) = Π1(ZCp) .
Here the category Π̂top1 (Z(C)) has the same object set Z(C) as Π
top
1 (Z(C)). For z, z
′ in Z(C)
the homotopy classes of paths from z to z′ form the morphism set Mor(z, z′) of Πtop1 (Z(C)).
The group
Γ = πtop1 (Z(C), z) = Mor(z, z)
acts simply transitively on Mor(z, z′). The morphisms from z to z′ in Π̂top1 (Z(C)) are given
by the profinite set
M̂or(z, z′) = lim
←−
N
Mor(z, z′)/N .
Here N runs over the normal subgroups of Γ of finite index. The analogous construction using
the right action by Γ′ = Mor(z′, z′) gives the same result. Equation (5) now follows from the
natural isomorphisms πˆtop1 (Z(C), z) = π1(ZCp , z) for z ∈ Z(Cp) = Z(C), see [SGA03] XII,
Cor. 5.2, since the objects of both categories coincide by our identification of Cp with C.
According to [May99] Ch. II, § 7 we have
(6) Πtop1 (Z(C)) = lim−→
U
Πtop1 (U(C)) .
Using the functors
Πtop1 (U(C)) −→ Π̂
top
1 (U(C)) = Π1(U) for U ∈ U ,
the functors ρU : Π1(U) → C define functors ρ
top
U : Π
top
1 (U(C)) → C which are compatible
with morphisms in U, i.e. with the inclusions V →֒ U for U, V ∈ U. Using (6) we obtain a
unique functor
ρtop : Πtop1 (Z(C)) −→ C
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which is compatible with all ρtopU . The fundamental group π
top
1 (Z(C), z) is finitely generated
since Z is a quasi-projective variety. Since C is quasi-finite, the image of the groupMor(z, z) =
Πtop1 (Z(C), z) in MorC(ρ(z), ρ(z)) = AutC(ρ(z)) is finite and we get a factorization
Mor(z, z) −→ M̂or(z, z) −→ MorC(ρ(z), ρ(z)) .
It follows that for all z, z′ ∈ Z(C) = Z(Cp) we have a factorization
Mor(z, z′) −→ M̂or(z, z′) −→ MorC(ρ(z), ρ(z
′)) .
Hence the functor ρtop factors:
ρtop : Πtop1 (Z(C)) −→ Π̂
top
1 (Z(C)) = Π1(Z)
ρ
−→ C .
The desired property of ρ and its uniqueness follow with little effort from the corresponding
assertions for ρtop, again using that C is quasi-finite. ✷
Notation 4.2 Recall that Zp and o denote the valuation rings in Qp and Cp, respectively.
By k = Fp we denote their common residue field.
For all n ≥ 1 we set on = o/pno = Zp/pnZp. If X is a scheme over o or Zp, and if E is a
vector bundle on X, we denote by Xn and En the base changes of X and E, respectively, with
on. Similarly, if π is a morphism between o- or Zp-schemes, we denote its base change with
on by πn.
Definition 4.3 Let (X, U) be a proper pair over Zp and E a vector bundle on Xo. A proper
morphism π : Y → X is called a (very) good trivializing cover for En over (X, U) if Y is a
(very) good model over Zp, the restriction π−1(U)→ U is finite e´tale surjective and π∗nEn is
a trivial bundle.
The parallel transport modulo pn will be obtained by glueing instances of the following basic
construction.
Construction 4.4 Let (X, U) be a proper pair over Zp and E a vector bundle of rank r over
X. Assuming that there is a good trivializing cover π : Y → X for En over (X, U) we now
construct a functor
ρE,n(U) : Π1(U) −→ Freer(on)
in the following way:
Any point x ∈ U(Cp) defines by properness a section xo ∈ Xo(o), and hence a point xn ∈
Xo(on) after reduction modulo pn. On objects, we associate to every x ∈ U(Cp) the fiber
Exn = x
∗
nE , viewed as a free on-module.
Let γ be an e´tale path from x to x′ in U . We fix a preimage y ∈ π−1(x) of x. Since
π−1(U)→ U is a finite e´tale covering, γ gives rise to a point γy ∈ π−1(x′). By properness, x′
18
extends to a section x′o in Xo(o), which can be reduced modulo p
n to x′n ∈ Xo(on). Similarly,
y and γy give rise to points yn and (γy)n in Yo(on).
Let λ : Y → SpecZp be the structural morphism and λn : Yn → Spec on its reduction mod p
n.
Since λ∗OY = OSpecZp holds universally by Proposition 3.6, we have λn∗OYn = OSpecon .
Since π∗nEn is a trivial bundle, pullback by yn : Spec on → Yn induces an isomorphism
y∗n : Γ(Yn, π
∗
nEn)
∼
→ Γ(Spec on, y
∗
nπ
∗
nEn) = Γ(Spec on, x
∗
nEn) = Exn ,
and similarly for (γy)∗n. We now define ρE,n(U)(γ) as the composition
ρE,n(U)(γ) = (γy)
∗
n ◦ (y
∗
n)
−1 : Exn −→ Ex′n .
Lemma 4.5 In the situation of Construction 4.4, the functor ρE,n(U) : Π1(U)→ Freer(on)
depends only on (X, U) and E and not on the auxiliary choices.
If (X˜, U˜) is another proper pair and α : (X˜, U˜) → (X, U) a morphism of proper pairs, there
exists also a good trivializing cover for (α∗E)n over (X˜, U˜) and hence ρα∗E,n(U˜) is defined.
The following formula holds:
(7) ρE,n(U) ◦α∗ = ρα∗E,n(U˜) : Π1(U˜) −→ Freer(on) .
Here for simplicity, we have written α∗ for (α |U˜ )∗ where α |U˜ : U˜ → U is the induced
morphism.
Proof Let π˜ : Y˜ → X be another good trivializing cover for En of (X, U) and assume that
π˜ factors as π˜ : Y˜
ρ
−→ Y
π
−→ X where ρ is proper and the maps π˜−1(U)
ρ
−→ π−1(U)
π
−→ U are
finite and e´tale. Choose a preimage y˜ ∈ π˜−1(x) of x. An e´tale path γ from x to x′ in X
gives rise to a preimage γy˜ ∈ π˜−1(x′) of x′. Then y = ρ(y˜) and γy = ρ(γy˜) are preimages in
π−1(U) of x and x′ as in construction 4.4. Using the commutative diagram
Ex′n Γ(Yn, π
∗
nEn)
(γy)∗n∼oo
ρ∗n

y∗n∼ // Exn
Ex′n Γ(Y˜n, π˜
∗
nEn)
(γy˜)∗n∼oo
y˜∗n∼ // Exn
we find that
(8) (γy)∗n ◦ (y
∗
n)
−1 = (γy˜)∗n ◦ (y˜
∗
n)
−1 .
We can now show that the definition of the parallel transport in Construction 4.4 is inde-
pendent of the choice of a preimage y ∈ π−1(x) of x ∈ U(Cp). Because of Lemma 3.13, the
connectedness of π−1(U) and formula (8) we may assume the following:
1) there is a finite group G acting on Y such that π : Y → X is equivariant if G acts trivially
on X.
2) The group G acts (simply) transitively on π−1(x) for x ∈ U(Cp).
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Given another preimage z ∈ π−1(x) there is a (unique) automorphism σ ∈ G of Y such that
z = σy. Hence we have γ(z) = σ(γ(y)) = σ ◦γ(y). It follows that
z∗n = y
∗
n ◦σ
∗ : Γ(Yn, π
∗
nEn)
σ∗
∼
−→ Γ(Yn, π
∗
nEn)
y∗n∼
−→ Exn
and similarly that (γz)∗n = (γy)
∗
n ◦σ
∗. This gives
(γz)∗n ◦ (z
∗
n)
−1 = (γy)∗n ◦σ
∗
◦ (σ∗)−1 ◦ (y∗n)
−1 = (γy)∗n ◦ (y
∗
n)
−1 .
By Lemma 3.12 any two proper morphisms πi : Yi → X for i = 1, 2 from good models Yi over
Zp such that π
−1
i (U)→ U is finite e´tale surjective are dominated by a third such morphism
π˜ : Y˜ → X with analogous properties. Using the previous arguments and formula (8), it
follows that the parallel transport ρE,n is also independent of the choice of a good trivializing
cover π : Y → X in its definition.
Given a morphism α : (X˜, U˜) → (X, U) of proper pairs choose a good trivializing cover
π : Y → X for E as in Construction 4.4. Then the proper morphism π : α−1(Y) = X˜×XY → X˜
is finite e´tale and surjective over U˜ and trivializes α∗E modulo pn. Choose a connected
component V˜ of the smooth quasiprojective scheme π−1(U˜). Since U˜ is connected and
non-empty the finite e´tale morphism V˜ → U˜ is surjective. Using Lemmas 3.3 and 3.8 we
find a good model Y˜ and a proper morphism ρ : Y˜ → α−1(Y) such that the composition
π˜ : Y˜
ρ
−→ α−1(Y)
π
−→ X restricts to a finite e´tale, surjective morphism π˜−1(U˜) ∼= V˜ → U˜ . It
is clear that formula (7) holds on objects. To check it on morphisms choose a path γ˜ from
x˜ ∈ U˜(Cp) to x˜′ ∈ U˜(Cp). Then γ = α∗(γ˜) is a path from x = α(x˜) to x′ = α(x˜′). Consider
the commutative diagram
Y˜
ρ

α˜
""❊
❊❊
❊❊
❊❊
❊❊
❊
α−1(Y) //
π

Y
π

X˜
α // X
where ρ−1(V ) ∼= V ⊂ α−1(π−1(U)). We have to show that the diagram
α∗(E)x˜n
ρα∗E,n(U˜)(γ˜) // α∗(E)x˜′n
Exn
ρE,n(U)(γ) // Ex′n
commutes. Choose a point y˜ ∈ π˜−1(x˜) and let y = α˜(y˜) = α˜ ◦ y˜ be its image in π−1(x). By
definition
γy = α∗(γ˜)y = α˜(γ˜y˜) = α˜ ◦ γ˜y˜ .
Hence we have:
ρE,n(U)(γ) = (γy)
∗
n ◦ (y
∗
n)
−1 = (γ˜y˜)∗n ◦ α˜
∗
n ◦ (α˜
∗
n)
−1
◦ (y˜∗n)
−1
= (γ˜y˜)∗n ◦ (y˜
∗
n)
−1 = ρα∗E,n(U˜)(γ˜) .
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Here α˜∗n refers to the isomorphism:
α˜∗n : Γ(Yn, π
∗
nEn)
∼
→ Γ(Y˜n, α˜
∗
nπ
∗
nEn) = Γ(Y˜n, π˜
∗
nα
∗
nEn) .
Note here that π∗nEn is a trivial vector bundle and that Γ(Yn,O) = on = Γ(Y˜n,O) since both
Y and Y˜ are good models over Zp. ✷
5 Trivializing covers for bundles with numerically flat
reduction
We sill now introduce the category of vector bundles for which we can define parallel trans-
port.
Definition 5.1 Let X be a smooth, complete variety over Qp and X a model of X over Zp.
We denote by Bs(Xo) the full subcategory of vector bundles E on Xo whose special fibre Ek is
a numerically flat bundle on the complete connected k-scheme Xk.
Note here that Xk is connected by Lemma 3.2.
Proposition 5.2 The o-linear exact category Bs(Xo) is closed under extensions, tensor
products, duals, internal homs and exterior powers.
Proof This is a consequence of the corresponding closure properties for Nori-semistable
bundles on smooth projective curves over a field which are well known. Incidentally, in our
situation where the base field is k = Fp they follow without effort from Theorem 2.2. ✷
In order to construct parallel transport mod pn for the bundles E in Bs(Xo) we need to
know that they have suitable trivializing covers so that we can apply Construction 4.4. The
following definition makes this precise.
Definition 5.3 Let X be a smooth, complete variety over Qp and X a model of X over Zp.
For an ideal n in Zp let Bn(Xo) be the full subcategory of vector bundles E on Xo for which
the following holds:
i) There is an open covering {Ui} of X and a family {Yi} of good (or by Lemma 3.12 even very
good) models over Zp together with proper morphisms πi : Yi → X such that π
−1
i (Ui) → Ui
is finite e´tale surjective for all i.
ii) The pullback via πi of E ⊗o o/n to Yio⊗o o/n = Yi⊗Zp Zp/n is a trivial bundle for each i.
If n = ωZp for some ω ∈ Zp with 0 < |ω| < 1 we write Bω(Xo) for Bn(Xo).
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Theorem 5.4 Let X be a smooth, complete variety over Qp and X a model of X over Zp.
We denote by m the maximal ideal in Zp. Then Bs(Xo) = Bm(Xo). Hence every vector bundle
on Xo with numerically flat reduction can be trivialized on the special fibers of a covering {Yi}
as in Definition 5.3 i).
Proof By Lemma 3.2 the special fibre Xk of X is connected and X is integral with X open
and dense in X.
For a vector bundle E in Bm(Xo) there exist a good model Y over Zp and a proper morphism
π : Y → X such that π(Y) contains an open subset of X and such that π∗kEk is a trivial bundle
on the complete connected fibre Yk. In particular π∗kEk is numerically flat. The image π(Y)
is closed in X and contains the generic point of X. Hence π : Y → X and therefore also
πk : Yk → Xk are surjective. Since π∗kEk is numerically flat, it follows that Ek is numerically
flat as well. Hence Bm(Xo) is a full subcategory of Bs(Xo).
For the proof of the reverse inclusion Bs(Xo) ⊂ Bm(Xo) a simple argument using Lemma 3.8
shows that in addition we may assume that X/Qp is projective and that X is a very good
model: Cover X by smooth quasiprojective open subvarieties U and consider the very good
models Y from Lemma 3.8 for the proper pairs (X, U). Use the inclusions Bs(Yo) ⊂ Bm(Yo)
for the models Y to get trivializing covers over all Y’s and hence over X. Thus let E be a
vector bundle in Bs(Xo) for a very good model X over Zp of a smooth projective variety X
over Qp. Since the restriction Ek of E to the projective, reduced connected special fibre Xk
is numerically flat by assumption, Theorem 2.2 gives us the following data:
A projective connected scheme Yk over k, a finite e´tale covering πk : Yk → Xk and an integer
ν ≥ 0 such that under the composition
ϕ : Yk
F ν
−−→ Yk
πk−→ Xk
the pullback of ϕ∗Ek is a trivial bundle. Here F is the Frobenius Frκ ⊗κ idk corresponding
to an isomorphism Yk = Yκ ⊗κ k where Yκ is a projective geometrically connected scheme
over a finite field κ ⊂ k and Frκ = Fr
r
p with r = [κ : Fp]. By enlarging κ if necessary, we
may assume that X descends to a projective model XoK over the ring of integers oK in a
finite extension K of Qp with residue field κ. Additionally we may arrange for πk to be
the base extension of a finite e´tale morphism πκ : Yκ → Xκ := Xoκ ⊗oK κ. Using [SGA03]
IV, The´ore`me 1.10 we may lift πκ : Yκ → Xκ to a finite e´tale morphism πoK : YoK → XoK
whose special fibre is πκ. The scheme YoK is projective over oK since XoK has this property
and since πoK is finite. The generic fibre XK of XoK is a smooth projective variety over K.
Hence the generic fibre YK of YoK is a smooth projective scheme over K and in particular
geometrically reduced. Since Yk is connected, projective and reduced (since Xk is reduced
and πk is e´tale), we have dimkH
0(Yk,O) = 1. By semi-continuity, setting Y = YK⊗KQp we
obtain dim
Qp
H0(Y,O) = 1 and hence that Y is connected. Thus Y is a smooth projective
variety over Qp. We conclude that YoK and Y := YoK ⊗oK Zp are very good models over oK
and over Zp, respectively. Let π = πoK ⊗Zp : Y → X be the base extension of πoK . We want
to prove that our bundle E in Bs(Xo) lies in Bk(Xo). For this we have to show the following:
For any point x ∈ X(Qp) there exist an open subscheme U ⊂ X with x ∈ U(Qp) and a good
model Z over Zp with a proper morphism µ : Z → X such that µ−1(U) → U is finite e´tale
surjective and such that the bundle µ∗kEk is a trivial bundle on Zk.
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We have lifted πk : Yk → Xk to a proper morphism π : Y → X where π = πoK ⊗oK Zp.
However in general F ν cannot be lifted to a morphism F ν : Y → Y. Fortunately it can be
lifted to a morphism F ν : Y ′ → Y where (Y ′k)
red ∼= Yk and this is enough for our purposes
as we will see in a moment.
We need the following Lemma, whose proof will be given at the end of this section.
Lemma 5.5 For a finite extension K of Qp with ring of integers oK consider a closed oK-
subscheme W of PNoK together with finitely many points y1, . . . , yr ∈ W(K). Let T = G
N
m,K
be the open subscheme of PNK where all coordinates are non-zero. Then there is a closed
immersion W →֒ PNoK over oK such that y1, . . . , yr ∈ W(K) ∩ T (K).
Applying the lemma to the projective oK-scheme W = YoK and to {y1, . . . , yr} = π
−1(x) ⊂
Y(K) = Y (K) we find a closed immersion YoK ⊂ P
N
oK
for some N ≥ 1 which we view as an
inclusion such that π−1(x) ⊂ T (K). Define Y ′oK by the cartesian diagram
Y ′oK

 //
τ oK

PNoK
F ν
oK

YoK

 // PNoK
where FoK ([x0 : . . . : xN ]) = [x
q
0 : . . . : x
q
N ] with q = p
r, r = (κ : Fp). Then τoK is finite
and τ−1K (VK) → VK is finite e´tale, where VK = YK ∩ T . We now reduce to κ and define a
morphism i : Yκ → Y ′κ over κ by the commutative diagram
Yκ ⊂

i
  ❆
❆
❆❆
❆❆
❆❆
Frνκ
""
Y ′κ

 //
τκ

PNκ
Frνκ

Yκ

 // PNκ
where FoK ⊗ κ = Frκ = Fr
r
p. Since Yκ is reduced, it follows from [DW05] Lemma 19 that i
induces an isomorphism i : Yκ
∼
→ Y
′red
κ . Base changing to Zp and setting Y
′ = Y ′oK ⊗Zp etc.
we get proper morphisms
Y ′
τ
−→ Y
π
−→ X
such that the pullback of Ek along the following composition is a trivial bundle
(9) Yk
ik
∼
→ Y
′red
k →֒ Y
′
k
τk−→ Yk
πk−→ Xk .
Note here that Y
′red
k = (Y
′
κ ⊗κ k)
red = Y
′red
κ ⊗κ k since κ is a perfect field and that τk ◦ ik =
(Frκ ⊗ idk)ν = F ν . By construction the open subscheme V = VK ⊗ Qp of the smooth
variety Y contains π−1(x) viewed as a subset of the closed points of V . Since π is finite
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and hence closed, it follows that U = X \ π(Y \ V ) is an open neighborhood of x in X such
that V˜ = π−1(U) ⊂ V . Since τ−1(V ) → V is finite e´tale and surjective, it follows that
the morphism τ−1(V˜ )→ V˜ is finite e´tale and surjective as well. Let V ′0 6= ∅ be a connected
component of τ−1(V˜ ). Then the open subscheme V ′0 of Y
′ is a smooth quasi-projective variety
over Qp. Applying Lemma 3.3 to the morphism Y
′ → SpecZp, the open subscheme τ−1(V˜ )
of Y ′
Qp
and the connected component V ′0 of τ
−1(V˜ ) we obtain a proper pair (Y ′0, V
′
0) and a
closed finitely presented immersion ε : Y ′0 →֒ Y
′ such that ε−1(τ−1(V˜ )) = τ−1(V˜ )∩Y ′0 = V
′
0 .
In particular the restriction of ε to a morphism
ε−1(τ−1(V˜ )) −→ τ−1(V˜ )
is finite e´tale as the inclusion of a connected component.
Next we apply Lemma 3.8 to the proper pair (Y ′0, V
′
0). We obtain a very good model Z over
Zp together with a proper morphism λ : Z → Y ′0 such that λ
−1(V ′0 )
∼
→ V ′0 is an isomorphism.
Consider the composition
µ : Z
λ
−→ Y ′0
ε
→֒ Y ′
τ
−→ Y
π
−→ X .
By our previous considerations µ−1(U) 6= ∅ and the restriction of µ to a morphism µ−1(U)→
U is finite e´tale, hence surjective, since U is connected. Moreover, since Zk is reduced, the
composition
Zk
(ε ◦λ)k
−−−−−→ Y ′k
factors over Y
′red
k . Since the pull-back of Ek along the composition (9) is trivial it follows
that µ∗kEk is a trivial bundle on Zk. ✷
It remains to prove Lemma 5.5. For this we show the following fact:
Lemma 5.6 Let K be a finite extension of Qp with ring of integers oK . Consider the open
subscheme T = GNm,K of points with non-zero coordinates in P
N
K . Given finitely many points
y1, . . . , yr ∈ PN(K) there is an element g ∈ PGLN+1(oK) such that g(y1), . . . , g(yr) ∈ T (K).
Proof Lift yα to a vector vα = (yα,0, . . . , yα,N) ∈ K
N+1
\ {0} for all 1 ≤ α ≤ r. Denote by
MN+1(K) the algebra of all (N + 1) × (N + 1)-matrices with entries in K. For 0 ≤ i ≤ N
and 1 ≤ α ≤ r consider the K-linear maps
lα,i :MN+1(K) −→ K , lα,i(A) = i-th component of the vector Avα .
Then ker lα,i is at least 1-codimensional in the K-vector space MN+1(K) and hence
U =MN+1(K) \
⋃
i,α
ker lα,i
is dense in MN+1(K) equipped with the topology induced by the valuation topology of K.
It follows that U contains an element A of the open subset GLN+1(oK) of MN+1(K). For
the points yα = [yα,0 : . . . : yα,N ] of PN (K) and the element g := Amod o
×
K of PGLN+1(oK)
we have g(yα) ∈ T (K) for 1 ≤ α ≤ r. ✷
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Proof of Lemma 5.5 Choose a closed immersion W ⊂ PNoK over oK and view y1, . . . , yr
as points of PN (K). For g as in Lemma 5.6 the embedding W ⊂ PNoK
g
−→ PNoK satisfies our
claim. ✷
6 P -divisible pullbacks on cohomology
Let K be a complete discretely valued field with discrete valuation ring oK of mixed char-
acteristic and with perfect residue field k. For any oK-scheme X we denote the generic fiber
by XK .
Let X be a reduced scheme which is proper and flat over oK , and let f : Y → X be a proper
morphism. We say that f is finite e´tale surjective over an open subset U of X if the restriction
f |f−1U : f
−1U → U is finite, e´tale and surjective. For any finite subset F of closed points
in the generic fiber XK we say that f is finite e´tale around F , if there exists a smooth,
quasi-projective open subscheme U of XK such that F ⊂ U and such that f is finite e´tale
surjective over U .
Our goal in this section is to make pullback maps on coherent cohomology p-divisible on a
proper covering which is finite e´tale around a given finite subset of the generic fiber.
Theorem 6.1 Let X be a reduced and proper scheme over oK, and let F ⊂ X a finite set of
closed points which is contained in a connected, quasi-projective, smooth open subset of the
generic fiber XK. There is an oK-scheme Z and a proper oK-morphism f : Z → X such that
i) For all i ≥ 1, the pullback f∗ : Hi(X,OX) → Hi(Z,OZ) is divisible by p as a group
homomorphism.
ii) The map f is finite e´tale surjective around F .
Note that this result is a strengthening of [Bha15], Theorem 1.2 for schemes over Spec OK .
The new aspect here is condition ii). We proceed as in the proof of [Bha15], Proposition
2.9 paying close attention to the nature of all alterations involved in Bhatt’s proof. For this
purpose the notes [BS16] will be a crucial tool. We begin by showing a preliminary result
which we hope is of independent interest. It relies on de Jong’s arguments in [dJ96], section
5.
Theorem 6.2 Let R be a discrete valuation ring with quotient field Q, and put S = SpecR.
Let T be an integral scheme together with a morphism T → S of finite type, and let X be a
stable, m-pointed curve over T in the sense of [Knu83], Definition 1.1. Assume that there
exists a non-empty normal open subscheme U of T contained in the generic fiber TQ such that
XU = X×T U is smooth over U . Moreover, let ϕU : YU → XU be a finite e´tale U -morphism.
Then there exists an integral, normal scheme T ∗ together with a proper S-morphism α :
T ∗ → T and a stable n-pointed curve Y∗ over T ∗ for some n ≥ m such that the following
properties hold for U∗ = α−1(U) ⊂ T ∗:
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i) The map α|U∗ : U∗ → U is finite, e´tale and surjective.
ii) Y∗U∗ = Y
∗ ×T ∗ U∗ is U∗-isomorphic to the base change of YU with U∗ → U .
iii) There exists a morphism of T ∗-curves
ϕ : Y∗ → XT ∗ = X×T T
∗
extending the given morphism ϕU ×U U∗ : Y∗U∗ ≃ YU ×U U
∗ → XU ×U U∗.
Proof Let σ1, . . . , σm : U → XU denote the given sections restricted to U . After replacing
T by a finite cover T1 → T which is finite e´tale surjective over U and X and Y by their base
changes with T1, we may assume that YU has n pairwise disjoint sections τ1, . . . , τn over U
for some n ≥ m such that βU : YU → XU maps sections to sections in such a way that
for all points u in U the preimage β−1U (σiu) consists only of points marked by the sections
τ1, . . . , τn.
By Nagata compactification, we find a proper X-scheme Y containing YU as an open sub-
scheme. Hence we have a commutative diagram
YU


 // Y

XU

 // X.
Let g be the genus of the fibers of YU/U . Now we argue as in [dJ96], 5.13. Let Mg,n be the
algebraic stack over Z classifying stable n-pointed curves of genus g, and let Mg,n be the
open substack classifying smooth n-pointed curves. The smooth n-pointed curve YU gives
rise to a 1-morphism U →Mg,n. We choose a prime l invertible in R, and consider the finite
e´tale cover M →Mg,n[1/l] of [dJ96], 2.24. Here M is a scheme over Z[1/l]. This cover can
be extended to a morphism M → Mg,n[1/l] over Z[1/l], where M is a projective scheme
over Z[1/l]. As usual, we denote the base changes of M and M with S by MS and MS .
The fiber product MS ×Mg,n,S U (which is a scheme) is finite and e´tale over U . Let U0 be a
connected component dominating U . It is irreducible, normal and finite e´tale surjective over
U . Now consider the canonical immersion MS ×Mg,n,S U → MS ×S T , and let T0 be the
closure of the image of U0 inMS×ST with the reduced induced structure. Then α0 : T0 → T
is projective since MS is projective, and α
−1
0 (U) ≃ U0 is finite e´tale surjective over U .
By construction, there exists a stable n-pointed curve Y0 over T0 and an isomorphism of
stable n-pointed curves Y0 ×T0 U0 → YU ×U U0. Now we argue as in [dJ97], 3.9-3.13 to
define a proper map T ∗ → T0 which is an isomorphism on the preimage U∗ of U0 such that,
putting Y∗ = Y0 ×T0 T
∗, the morphism Y∗ ×T ∗ U∗ ≃ XU ×U U∗ extends to a morphism
Y∗ → X×T T ∗. Properness is shown by the valuative criterion which amounts to checking
that a similar extension result holds for stable curves over discrete valuation ring. This
follows as in the proof of [LL99], Proposition 4.4.
By construction, T ∗ is integral, and by replacing it with its normalization, we may assume
that it is normal. If we define α : T ∗ → T0 → T as the composition of the two maps
constructed previously, our claim follows. ✷
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Now we can show the result stated at the beginning of this section.
Proof of Theorem 6.1 We may replace X by the closure of U in X with its reduced
structure, and thus assume that X is integral. Then X is flat over S = Spec oK . We proceed
as in [Bha15], Proposition 2.10 by induction over the dimension of the generic fiber XK . If
XK is a curve, the result follows as in the proof of [DW05], Theorem 11. Therefore we may
assume that XK has dimension d > 1. Note that in order to prove our claim, we may replace
X by any reduced scheme X′ such that there exists a proper S-morphism h : X′ → X which
is finite e´tale surjective over an open subset U of the generic fiber containing F . Moreover,
after replacing X′ by the closure of an irreducible component of h−1(U), we may additionally
take any such X′ to be irreducible.
By [BS16], 5.6 we may therefore assume that X → S factors through a projective map
φ : X → T with the following properties: T is integral, proper and flat over S, and there
exists a smooth quasi-projective open V ⊂ XK containing F and a smooth quasi-projective
open U ⊂ TK such that V is mapped to U via φ and such that (V,X) → (U, T ) is a stable
m-pointed compactified elementary fibration in the sense of [BS16], Definition 5.1. This
implies that φ|U : XU → U is smooth and that all fibers of φ are geometrically connected of
equidimension one with dense smooth locus. Moreover, there are m sections of φ : X → T
for some m ≥ 0 such that φ is a relative stable m-pointed curve.
Following roughly the notation of [Bha15], Proposition 2.10, we denote by f : X → S and
f ′ : T → S the structure morphisms. By induction, we know that our claim holds for T .
Hence there exists a proper S-morphism π′ : T ′ → T which is finite e´tale surjective around
φ(F ) such that, with g′ = f ′ ◦ π′, the natural homomorphism π
′∗ : Rif ′∗OT → R
ig′∗OT ′
is divisible by p (as a homomorphism of sheaves of abelian groups). After shrinking U if
necessary, we may assume that π′ is finite e´tale surjective over U . As explained above, we
may further assume that T ′ is integral. The base change φ′ : X′ = X×T T ′ → T ′ is a stable
n-pointed curve. Put U ′ = π
′−1(U). Then X′U ′ = X
′ ×T ′ U ′ is smooth and projective over
U ′.
The functor Pic0X′/T ′ is represented by a semi-abelian T
′-scheme, and Pic0X′
U′
/U ′ is an abelian
scheme, see [BLR90], section 9.4. We denote the dual abelian scheme by AlbX′
U′
/U ′ . Fix a
section x ∈ X′U ′(U
′). By the universal property of the Picard scheme there exists a canonical
U ′-morphism
X′U ′ → AlbX′
U′
/U ′
sending x to the zero section. We define YU ′ as the base change with respect to the p-
multiplication on the abelian scheme AlbX′
U′
/U ′ :
YU ′
q

// AlbX′
U′
/U ′
p

X′U ′
// AlbX′
U′
/U ′
The map q is finite and e´tale, since U ′ is contained in the generic fiber T ′K which has
characteristic zero. Note that the geometric fibers of YU ′ are connected as pullbacks of a
curve under the p-multiplication map on the Jacobian.
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By Theorem 6.2 we find an integral, normal T ′′ together with a proper S-morphism π′′ :
T ′′ → T ′ which is finite e´tale surjective over U ′ and a stable m-pointed curve φ′′ : X′′ → T ′′
together with a morphism X′′ → X′ sitting in the commutativie diagram
X′′
φ′′

// X′
φ′

T ′′
π′′ // T ′
such that we have the following properties for U ′′ = (π′′)−1(U ′) ⊂ T ′′: The restriction of π′′
to U ′′ is finite e´tale surjective, the scheme X′′ ×T ′′ U
′′ is isomorphic to YU ′ ×U ′ U
′′, and the
induced morphism a : X′′ → X′×T ′ T ′′ = X′T ′′ extends the base change of q to U
′′. Note that
there is a natural identification of R1φ′∗OX′ (or R
1φ′′∗OX′′ , respectively) with the Lie algebra
of the semiabelian T ′- scheme Pic0(X′/T ′) (or the T ′′-scheme Pic0(X′′/T ′′), respectively),
see [BLR90], 8.4, Theorem 1. The map on Lie algebras induced by
Pic0(a) : Pic0(X′T ′′/T
′′)→ Pic0(X′′/T ′′).
is divisible by p after restriction to U ′′, hence everywhere by [FC90], Proposition I.2.7. Hence
the natural homomorphism
(π′′)∗R1φ′∗OX′ → R
1φ′′∗OX′′
is divisible by p as a group homomorphism on T ′′. As in the proof of [Bha15], Proposition
2.10, we can now argue with a splitting of the Leray spectral sequence to deduce that the
map X′′ → X′ → X satisfies part i) of our claim. Since it is finite and e´tale over XU we also
proved part ii). ✷
In the next section we will need the following variant of Theorem 6.1.
Corollary 6.3 Let (Y,W ) be a proper pair over Zp and let ∅ 6= F ⊂ W be a finite set of
closed points. Then there are a very good model Y ′ over Zp and a proper finitely presented
Zp-morphism f : Y ′ → Y such that
i) For all i ≥ 1, the pullback f∗ : Hi(Y,O) → Hi(Y ′,O) is divisible by p as a group
homomorphism.
ii) f−1(V )→ V is finite e´tale surjective for some open set F ⊂ V ⊂W .
Proof Using Lemma 3.8 we may assume that Y is a very good model. After descending Y
to oK for some finite extension K of Qp we can apply Theorem 6.1. Base extending back
to Zp we have obtained a proper morphism f : Y ′ → Y with properties i) and ii). Using
Lemma 3.3 we may assume that (Y ′, f−1(V )) is a proper pair. We can now apply Lemma
3.8 to improve Y ′ to a very good model. ✷
7 Lifting trivializing covers
Let X be a smooth complete variety over Qp and X a model of X over Zp. By Lemma 3.2
the special fibre Xk of X is connected and X is integral with X open and dense in X. In
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Theorem 5.4 we have shown that every vector bundle with numerically flat reduction lies
in Bm(Xo) for the maximal ideal m in Zp, see Definition 5.3. In this section, we prove the
following important property for these bundles.
Theorem 7.1 For every ω ∈ Zp with 0 < |ω| < 1 we have Bm(Xo) = Bω(Xo).
Proof Consider ω ∈ Zp with 0 < |ω| < 1. Then k = Zp/m is a quotient of Zp/ωZp and it
follows from Definition 5.3 that Bω(Xo) ⊂ Bm(Xo).
Thus let E be a vector bundle in Bm(Xo). For every point x ∈ X(Qp) we then have a very good
model Y over Zp together with a proper morphism π : Y → X such that ∅ 6= π−1(U) → U
is finite e´tale for an open neighborhood U of x and such that π∗kEk is a trivial bundle on
Xk. The family (X, E ⊗ o/p, π : Y → X) where E ⊗ o/p = E ⊗ Zp/p is a vector bundle over
Xo⊗o/p = X⊗Zp/p descends to a family (XoK ,F , πoK : YoK → XoK ) over a finite extension
K of Qp. Here XoK ⊗oK Zp = X, πoK ⊗oK Zp = π and F is a vector bundle on XoK ⊗ oK/p
with F ⊗oK/p Zp/p = E ⊗ o/p whose restriction to the special fibre XoK ⊗ oK/p is trivialised
by pullback along πoK ⊗ oK/p. Here p denotes the valuation ideal of oK . Set
oν = o/p
νo = Zp/p
νZp .
Note that this notation differs from the one in section 4 ifK/Qp is ramified. Let Xν ,Yν , πν , Eν
etc. be the base changes of X, Y, π and E etc. with oν over Zp and o, respectively. Since
π1 is also the base change of πoK ⊗ oK/p with o1 it follows that π
∗
1(E1) is a trivial bundle
on Y1. Let t be a prime element of oK so that p = toK . We have shown that E is in
Bt(Xo). The next claim implies that E is in Btν (Xo) for all ν ≥ 1 and hence in Bω(Xo) since
Btν (Xo) ⊂ Bω(Xo) if |t
ν | ≤ |ω|, which is the case for ν big enough. It thus remains to show
the following assertion:
Claim Given ν ≥ 2 consider a point x ∈ X(Qp) and a very good model Y over Zp with a
proper morphism π : Y → X such that π−1(U) → U is finite e´tale surjective for an open
neighborhood U ⊂ X of x and such that π∗ν−1(Eν−1) is a trivial bundle on Yν−1. Then there
is a very good model Z over Zp with a proper morphism µ : Z → X such that µ−1(U˜)→ U˜
is finite e´tale surjective for some open neighborhood U˜ ⊂ U of x and such that µ∗ν(Eν) is a
trivial bundle on Zν .
In order to prove the claim we first identify the obstruction to π∗ν(Eν) being a trivial bundle.
Consider the ideal J = tν−1OYν in OYν corresponding to the closed subscheme Yν−1 ⊂ Yν .
Consider the short exact sequence of Zariski sheaves of groups where r = rk E and f(A) =
1 +A
0 −→Mr(J)
f
−→ GL r(OYν ) −→ GL r(OYν−1) −→ 1 .
Note that f is a homomorphism of groups because J2 = 0. Right exactness follows from
formal smoothness of GL r over Z. Thus we have an exact sequence of pointed sets
(10) H1(Yν ,Mr(J))
f
−→ H1(Yν ,GL r(O)) −→ H
1(Yν−1,GL r(O)) .
The class of π∗ν(Eν) in the middle is mapped to the class of π
∗
ν−1(Eν−1) on the right i.e. to
the trivial class. Hence we have
[π∗ν(Eν)] = f(a)
29
for some class a = (akl) with akl ∈ H1(Yν , J). This also follows using [Gir71] VII, The´ore`me
1.3.1. Consider the closed immersion i : Y1 →֒ Yν . Multiplication by tν−1 provides an
isomorphism of sheaves of OYν/t-modules since Y is integral
tν−1 : i∗OY1
∼
→ J = tν−1OYν .
This gives an isomorphism of Zp/t-modules
tν−1 : H1(Y1,O)
∼
→ H1(Yν , J) .
Let bkl ∈ H1(Y1,O) denote the classes corresponding to the obstructions akl. Consider the
finite subset π−1(x) ⊂ Y (Qp). Applying Corollary 6.3 to F = π
−1(x) and Y we obtain a very
good model Y ′ over Zp together with a proper, finitely presented Zp-morphism f : Y ′ → Y
such that for each i ≥ 1 the pullback
f∗ : Hi(Y,O) −→ Hi(Y ′,O)
is divisible by p as a Zp-linear map. Moreover f is finite e´tale surjective around π
−1(x)
i.e. there is an open neighborhood π−1(x) ⊂ V ⊂ π−1(U) such that f−1(V ) → V is finite
e´tale surjective. Now U1 = X \ π(Y \ V ) ⊂ U is an open neighborhood of x in X such that
π−1(U1) ⊂ V . Thus f−1(π−1(U1)) → π−1(U1) and therefore (π ◦f)−1(U1) → U1 is finite
e´tale surjective. Consider the short exact sequence (note that Y is integral)
0 −→ OY
t
−→ OY −→ OY1 −→ 0
and the corresponding one on Y ′. We get a commutative diagram
0 // H1(Y,O)/t //
f∗

H1(Y1,O)
δ //
f∗

H2(Y,O)t //
f∗

0
0 // H1(Y ′,O)/t // H1(Y ′1,O)
δ // H2(Y ′,O)t // 0 .
Here we use the notation H/t = H/tH and Ht = Ker (t : H → H). Since the linear map f∗
is divisible by p on H2 and t divides p, the induced map on the right is zero:
0 = f∗ : H2(Y,O)t −→ H
2(Y ′,O)t .
Hence for all k, l we find
(11) f∗(bkl) ∈ Im (H
1(Y ′,O)/t −→ H1(Y ′1,O)) .
Now we use the previous argument a second time. By Corollary 6.3 applied to Y ′ and
the finite set (π ◦f)−1(x) we obtain a very good model Z over Zp together with a proper
morphism g : Z → Y ′ which is finite e´tale surjective around (π ◦f)−1(x) such that the map
g∗ : H1(Y ′,O) −→ H1(Z,O)
is divisible by p as a Zp-linear map. This time we look at the map on the left in the resulting
diagram, which implies vanishing of the left vertical map in the commutative diagram
H1(Y ′,O)/t //
g∗=0

H1(Y ′1,O)
g∗

H1(Z,O)/t // H1(Z1,O).
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Hence it follows from (11) that
g∗(f∗(bkl) = 0 in H
1(Z1,O) .
Hence we have (f ◦g)∗(akl) = 0 in H
1(Zν , J) where J = tν−1OZν . The exact sequence (10)
for Z instead of Y now shows that the class [(π ◦f ◦g)∗ν(Eν)] is trivial in H
1(Zν ,GL r(O)).
Thus µ = π ◦f ◦g : Z → Y ′ → Y → X is a proper morphism from a very good model Z
over Zp to X such that µ∗ν(Eν) is a trivial bundle. Since g : Z → Y
′ is finite e´tale surjective
around (π ◦f)−1(x) we find as above an open neighborhood U˜ ⊂ U1 of x in X such that
µ−1(U˜)→ U˜ is finite e´tale surjective. Thus the claim is proved. ✷
8 Parallel transport over the ring of integers
We can now construct parallel transport for all bundles with numerically flat reduction.
Let X be a smooth, complete variety over Qp and X a model of X over Zp. Let E be a rank r
vector bundle on Xo with numerically flat reduction, i.e. E ∈ Bs(Xo). Fix an integer n ≥ 1.
By Theorems 5.4 and 7.1 with ω = pn there exists an open covering U = (U) of X together
with good trivializing covers π : Y → X for En over (X, U). We may assume that U is stable
under finite intersections. Then Construction 4.4 gives functors
ρE,n(U) : Π1(U) −→ Freer(on)
for all U ∈ U which depend only on (X, U) and E . Moreover, for any inclusion j : V →֒ U of
open sets in U, formula (7) of Lemma 4.5 applied to α = idX shows that
ρE,n(U) ◦ j∗ = ρE,n(V ) : Π1(V ) −→ Freer(on) .
Definition 8.1 In the situation above, we define ρE,n as the unique functor
(12) ρE,n : Π1(X) −→ Freer(on)
such that
(13) ρE,n(U) = ρE,n ◦ jU∗ for all U ∈ U .
Here jU : U →֒ X is the open immersion.
Note that since Freer(on) is a quasi-finite groupoid, it follows from Theorem 4.1 that this is
well-defined.
Since any two open coverings of X can be refined by (an intersection stable) open covering
it follows formally that ρE,n depends only on X and E and not on the choice of U. Note that
by definition:
(14) ρE,n(x) = Exn for all x ∈ X(Cp) .
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In particular this parallel transport gives a representation
(15) ρE,n,x : π1(X, x) −→ GL (Exn) := Auton(Exn)
for any x ∈ X(Cp).
We now discuss two functorial properties of ρE,n.
Proposition 8.2 Let X and X˜ be smooth, complete varieties over Qp with models X and X˜
over Zp. For any morphism α : X˜ → X and any vector bundle E in Bs(Xo) the bundle α∗E
is in Bs(X˜o) and we have
ρα∗E,n = ρE,n ◦α∗ : Π1(X˜) −→ Freer(on) if r = rank E .
Proof With Ek the special fibre (α
∗
oE)k = α
∗
kEk of α
∗
oE is numerically flat as well. Hence
α∗E is in Bs(X˜o). Let U = {U} be an intersection stable open covering of X for which good
trivializing covers of En over (X, U) exist for all U ∈ U. Consider the intersection stable
open covering α−1U = {α−1(U)} of X˜ . By Lemma 4.5 there exist good trivializing covers
of (α∗E)n over the proper pairs (X˜, α−1(U)) for all U ∈ U. For the functors ρα∗E,n(α−1(U))
obtained by Construction 4.4 we have for all U ∈ U
ρα∗E,n(α
−1(U)) = ρE,n(U) ◦ (α |α−1(U))∗ by Lemma 4.5, (7)
= ρE,n ◦ jU∗ ◦ (α |α−1(U))∗ by (13)
= ρE,n ◦α∗ ◦ jα−1(U)∗ .
Here jα−1(U) : α
−1(U)→ X˜ is the inclusion. By the uniqueness assertion in the Seifert-van
Kampen Theorem 4.1 it follows that
ρα∗E,n = ρE,n ◦α∗ .
Here we have used that Freer(on) is a quasi-finite groupoid. ✷
The next proposition investigates functoriality with respect to conjugation. Let GQp =
Gal(Qp/Qp) be the absolute Galois group of Qp. It is also the group of continuous auto-
morphisms of Cp over Qp. For a scheme X over Zp and a vector bundle E on Xo we set
σX = X⊗
Zp,σ
Zp and σE = E ⊗o,σ o, which is a vector bundle on σ(Xo) = (σX)o.
Proposition 8.3 For every σ in GQp and each vector bundle E in B
s(Xo) the conjugate
bundle σE is in Bs(σXo) and the following diagram commutes:
Π1(X)
≀σ∗

ρE,n // Freer(on)
≀ σ∗

Π1(
σX)
ρσE,n // Freer(on)
Here the left vertical isomorphism of groupoids is induced by the isomorphism σ : X
∼
→ σX of
schemes. The right vertical isomorphism sends a free on module Γ of rank r to Γ ⊗on,σ on
and a homomorphism f : Γ1 → Γ2 of such modules to f ⊗on,σ on.
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The proof of the Proposition is straightforward.
Let RepΠ1(Z)(on) be the on-linear exact category of functors from Π1(Z) to Free(on), the
category of free on-modules of finite rank. It is equipped with tensor products, duals, internal
homs and exterior powers.
Theorem 8.4 Parallel transport induces an o-linear exact functor
ρn : B
s(Xo) −→ RepΠ1(X)(on)
by mapping E to ρE,n and a morphism f : E → E˜ over Xo to the natural transformation
ρf,n : ρE,n → ρE˜,n given by the maps fxn = x
∗
nf : Exn → E˜xn for x ∈ X(Cp) = Ob (Π1(X)).
The functor ρn commutes with tensor products, duals, internal homs and exterior powers.
Proof First we have to show that ρf,n is natural, i.e. that the following diagram commutes
for all paths γ from a point x ∈ X(Cp) to a point x′ ∈ X(Cp):
(16) Exn
ρE,n(γ)

fxn // E˜xn
ρ
E˜,n(γ)

Ex′n
fx′n // E˜x′n .
This can be seen as follows. By Theorems 5.4 and 7.1 we have Bs(Xo) = Bpn(Xo). Because of
Lemma 3.12 there are an open quasiprojective (smooth) subscheme U ⊂ X with x ∈ U(Cp)
and a very good cover π : Y → X over the proper pair (X, U) which is trivializing for both
En and E˜n. Similarly for x′. Because of Theorem 4.1 i) and Proposition 8.2 we may assume
that both x and x′ lie in U when we check that (16) commutes. Noting that both π∗nEn and
π∗nE˜n are trivial bundles, this case follows from the following commutative diagram where
y ∈ Y (Cp) is a chosen point over x
Exn
fxn // E˜xn
Γ(Yn, π∗nE)
Γ(Yn,π
∗
nfn) //
y∗n ≀
OO
≀(γy)∗n

Γ(Yn, π∗nE˜n)
≀ y∗n
OO
≀ (γy)∗n

Ex′n
fx′n // E˜x′n .
Exactness of ρn is clear. Compatibility with tensor products etc. follows from our construc-
tion, using Lemma 3.12 in a similar way. ✷
For a morphism α : X˜ → X of models over Zp it follows from Proposition 8.2 that pullback
by α induces a functor α∗ : Bs(Xo) → Bs(X˜o). The next result details how this is related
with our parallel transport ρn. The generic fibre of α induces a functor
A(α) : RepΠ1(X)(on) −→ RepΠ1(X˜)(on)
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as follows. For an object M of RepΠ1(X)(on) we define A(α)M to be the composed functor
A(α)M : Π1(X˜)
α∗−−→ Π1(X)
M
−→ Free(on) .
For a morphism f : M → N in RepΠ1(X)(on) given by on-linear maps fx : Mx → Nx for
x ∈ X(Cp) we define A(α)f as the family of maps for x˜ ∈ X˜(Cp)
(A(α)M)x˜ =Mα(x˜)
fα(x˜)
−−−→ Nα(x˜) = (A(α)N)x˜ .
Proposition 8.5 Consider models X, X˜ over Zp of smooth complete varieties X, X˜ over
Qp. For any morphism α : X˜→ X over Zp the following diagram of categories and functors
commutes (up to canonical isomorphisms):
Bs(Xo)
ρn //
α∗

RepΠ1(X)(on)
A(α)

Bs(X˜o)
ρn // RepΠ1(X˜)(on) .
Proof Commutativity on objects is equivalent to Proposition 8.2 since (ρn ◦α
∗)(E) = ρα∗E,n
and (A(α) ◦ ρn)(E) = ρE,n ◦α∗. Commutativity on morphisms follows because for f : E1 → E2
the morphism (ρn ◦α
∗)(f) = ρα∗f,n equals (A(α) ◦ρn)(f) = A(α)ρf,n by our definitions. ✷
We now pass to the projective limit of the mod pn parallel transports. A good trivializing
cover for En+1 over a proper pair (X, U) is also a trivializing cover for En over (X, U). It
follows that for an e´tale path γ from x ∈ X(Cp) to x
′ ∈ X(Cp) and a bundle E in B
s(Xo)
the reduction modulo pn of
ρE,n+1(γ) : Exn+1 −→ Ex′n+1
equals
ρE,n(γ) : Exn −→ Ex′n .
Hence we may form the projective limit
ρE(γ) = lim←−
n
ρEn(γ) : Exo −→ Ex′o .
Here xo ∈ Xo(o) = X(Cp) is the extension of x to a section xo : Spec o → Xo and Exo =
x∗oE = lim←−n
Exn is the corresponding free o-module.
In this way we obtain a continuous functor
ρE : Π1(X) −→ Freer(o) where r = rank E .
With notation as in Propositions 8.2 and 8.3 we have ρα∗E = ρE,n ◦α∗ for any morphism
α : X˜→ X and ρσE = σ∗ ◦ρE ◦σ−1∗ for σ ∈ GQp .
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Proposition 8.6 By the previous construction, we get an o-linear, exact functor
ρ : Bs(Xo) −→ RepΠ1(X)(o)
into the category of continuous functors from Π1(X) to Free(o). Here Free(o) is the topolog-
ical category of free o-modules of finite rank. The functor ρ commutes with tensor products,
duals, internal homs and exterior powers. Moreover for any morphism α : X˜→ X over Zp of
models X and X˜ with smooth proper generic fibres X and X˜ we have a canonical isomorphism
of functors ρ ◦α∗ = A(α) ◦ρ with A(α) similarly defined as in Proposition 8.5.
Proof: This follows from the construction and Theorem 8.4. ✷
Let m be the maximal ideal of o. We end this section with an alternative description of the
reduction modulo m of ρE,xo.
For a vector bundle E in Bs(Xo) and a point x ∈ X(Cp) we obtain from ρE a continuous
representation
ρE,xo : π1(X, x) −→ GL(Exo) := Auto(Exo) .
The reduction of ρE,x modulo m is the representation
ρE,xo ⊗ k : π1(X, x) −→ GL (Exk)
obtained by reducing ρE,xo(γ) modulo m for every γ ∈ π1(X, x). Here xk is the image of xo
under reduction X(o)→ X(k) where k = o/m ∼= Fp. Clearly
ρE,xo ⊗ k = ρE,n,x ⊗ k for any n ≥ 1 ,
where the right hand side is also defined by reduction.
By [SGA03], Exp. IX, Proposition 1.7 the inclusion Xredk →֒ Xk induces an isomorphism
π1(X
red
k , xk)
∼
→ π1(Xk, xk). Moreover the inclusion Xk →֒ X induces a natural isomorphism
π1(Xk, xk)
∼
→ π1(X, xk). This follows from [SGA03] Exp. X, The´ore`me 2.1 together with an
argument to reduce the finitely presented case to a Noetherian situation as in the proof of
[SGA03] exp. IX, The´ore`me 6.1, p. 254 above. We also have a canonical isomorphism
π1(X, xk) = Aut(Fxk) = Aut(Fx) = π1(X, x) .
The reason is this: For any finite e´tale covering Y → X, by the infinitesimal lifting property
any point yk ∈ Yk(k) over xk determines a unique section yo ∈ Y(o) over xo ∈ X(o) and
hence a point y ∈ Y (Cp) over x ∈ X(Cp). This gives a natural bijection between the points
yk over xk and the points y over x. Thus the two fiber functors Fxk and Fx on the finite
e´tale coverings of X are isomorphic. In conclusion we get a natural isomorphism
π1(X
red
k , xk)
∼
→ π1(Xk, xk) = π1(X, xk) = π1(X, x)
and hence a specialization homomorphism
spk : π1(X, x) −→ π1(X, x) = π1(X
red
k , xk) .
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Note that example 5 in [Den10] shows that in general the representation ρE,xo does not
factor over spk. However the representation ρE,xo ⊗ k does factor over spk as specified in
the next theorem. The restriction Eredk of Ek to X
red
k is numerically flat by definition. Hence
Eredk determines an algebraic representation of the S-fundamental group π
S
1 (X
red
k , xk) on
(Ered)xk = Exk . By Corollary 2.5 we have π
S
1 (X
red
k , xk)
∼= πN1 (X
red
k , xk) if we assume that
Xredk is projective. Hence we get in this case an algebraic representation
λ : πN1 (X
red
k , xk) −→ GLExk .
The group of k-valued points of the Nori fundamental group is the Grothendieck fundamental
group. Hence we get a continuous representation where GL (Ek) carries the discrete topology
λ = λ(k) : π1(X
red
k , xk) −→ GLEk(k) = GL (Ek) .
Theorem 8.7 Let X be a smooth, complete variety over Qp, X a model of X over Zp with
projective special fibre Xk, E a vector bundle in Bs(Xo) and x ∈ X(Cp). With notation as
above the following diagram commutes:
π1(X, x)
ρE,xo⊗k //
spk

GL (Exk)
π1(X
red
k , xk)
λ // GL (Exk) .
Proof The proof of the corresponding result for curves given in [Den10], Theorem 1 can be
adapted to the higher dimensional situation using the considerations in section 7. We omit
the details. ✷
9 Parallel transport on XCp
In this section we construct parallel transport for suitable vector bundles over Cp.
Definition 9.1 Let X be a smooth and complete variety over Qp.
i) We denote by Bs(XCp) the (full) category of vector bundles E on XCp which up to iso-
morphism have an extension to a vector bundle E in Bs(Xo) for some model X over Zp of
X.
ii) Let E be a vector bundle in Bs(XCp), and let jX : X →֒ X be the open immersion given
by i). We define a functor
j∗Xo : B
s(Xo)⊗Q −→ B
s(XCp) .
by pullback via jXo = jX⊗o : XCp →֒ Xo. Here for an additive category B the category B⊗Q
has the same objects as B, and the morphism groups are the ones of B tensored with Q.
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Note that by flat base change the functor j∗Xo is fully faithful making B
s(Xo) ⊗ Q a full
subcategory of Bs(XCp). By definition every bundle E in B
s(XCp) is isomorphic to a bundle
of the form j∗XoE with E in B
s(Xo) for some model X of X over Zp. The direct limit of the
subcategories Bs(Xo)⊗Q is filtered in the following sense.
Theorem 9.2 Let X be a smooth complete variety over Qp with models X1 and X2 over Zp.
Then there is another model X3 of X together with morphisms
X1
p1
←− X3
p2
−→ X2
restricting to the identity on the generic fibres (after their identifications with X). This gives
rise to a commutative diagram of fully faithful functors
Bs(X1o)⊗Q
p∗1
''PP
PP
PP
PP
PP
PP
j∗
X1o
''
Bs(X3o)⊗Q
j∗
X3o // Bs(XCp)
Bs(X2o)⊗Q
p∗2
77♥♥♥♥♥♥♥♥♥♥♥♥
j∗
X2o
77
Proof We only need to show the existence of X3 dominating X1 and X2. By finite presenta-
tion we may assume (with an abuse of notation) that X is a variety over a finite extension
K of Qp in Qp and X1,X2 are models of X over oK . Let X3 be the closure of the image of
the diagonal
X
∆
−→ X ×SpecK X −→ X1 ×SpecoK X2
endowed with the reduced subscheme structure. Then X3 is integral and proper and flat over
Spec oK . Moreover there are morphisms X1
p1
←− X3
p2
−→ X2 induced by the projections. Base
changing from oK to o we get the assertion. ✷
Corollary 9.3 The additive Cp-linear category Bs(XCp) is stable under extensions, tensor
products, duals, internal homs and exterior powers.
Proof This follows from Propositions 5.2 and 9.2. Also note that for vector bundles E1, E2
on Xo with restrictions to E1, E2 on XCp we have
Ext1Xo(E1, E2)⊗o Cp = Ext
1
XCp
(E1, E2) .
Moreover, if E is a quasi-coherent sheaf on Xo in an extension
0 −→ E2 −→ E −→ E1 −→ 0
then E is a vector bundle since the extension splits locally. ✷
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For every morphism α : X˜ → X of models of X , by Proposition 8.6 we have a commutative
diagram
Bs(Xo)
α∗ //
ρ
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆
Bs(X˜o)
ρ
xx♣♣♣
♣♣
♣♣
♣♣
♣♣
RepΠ1(X)(o) .
Let RepΠ1(X)(Cp) be the category of continuous functors from Π1(X) to the category
Vec(Cp) of finite dimensional Cp-vector spaces. The parallel transport ρ gives a Cp-linear
functor
ρ⊗Q : Bs(Xo)⊗Q
ρ⊗Q
−−−→ RepΠ1(X)(o)⊗Q −→ RepΠ1(X)(Cp) .
Now Proposition 9.2 and the commutativity of the diagram
Bs(Xo)⊗Q
α∗ //
ρ⊗Q ''PP
PP
PP
PP
PP
PP
Bs(X˜o)⊗Q
ρ⊗Qww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥
RepΠ1(X)(Cp)
imply the following result for any smooth proper variety X over Qp.
Proposition 9.4 There is a uniquely defined Cp-linear continuous functor
ρ : Bs(XCp) −→ RepΠ1(X)(Cp)
such that for every model X over Zp of X we have
ρ ◦ j∗Xo = ρ⊗Q : B
s(Xo)⊗Q −→ RepΠ1(X)(Cp) .
The functor ρ is exact and respects tensor products, duals, internal homs and exterior powers.
Let us write down the explicit description of the functor ρ in Proposition 9.4. For a bundle
E in Bs(XCp) we obtain a continuous functor
ρE : Π1(X) −→ Vec(Cp)
by setting on the one hand
ρE(x) = Ex for x ∈ X(Cp) = ObΠ1(X) .
On the other hand, for x, x′ ∈ X(Cp) the continuous map
ρE : MorΠ1(X)(x, x
′) −→ HomCp(Ex, Ex′)
is given by
ρE(γ) = ψ
−1
x′ ◦ (ρE(γ)⊗Z Q) ◦ψx .
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Here we have chosen a model X of X over Zp and a bundle E in Bs(Xo) together with an
isomorphism ψ : E
∼
→ j∗XoE of bundles over XCp . Here jXo : XCp → Xo is the base extension
of the inclusion jX : X → X. Moreover ψx is the map
ψx = x
∗(ψ) : Ex −→ (j
∗
Xo
E)x = Exo ⊗o Cp = Exo ⊗Z Q .
For a morphism f : E → E′ in Bs(XCp) the morphism ρf : ρE → ρE′ is given by the family
of linear maps fx = x
∗(f) : Ex → E′x for all x ∈ X(Cp).
The following result concerns functoriality properties of our parallel transport.
Theorem 9.5 i) Let X, X˜ be smooth, complete varieties over Qp and let f : X˜ → X be
a morphism over Qp. Pullback by f induces a functor f
∗ : Bs(XCp) → B
s(X˜Cp) and the
following diagram commutes:
Bs(XCp)
ρ //
f∗

RepΠ1(X)(Cp)
A(f)

Bs(X˜Cp)
ρ // RepΠ1(X˜)(Cp) .
Here A(f) is defined in the same way as A(α) in Proposition 8.5.
ii) For every σ in GQp and each vector bundle E in B
s(XCp) the conjugate bundle
σE is in
Bs(σXCp) and the following diagram commutes where r = rankE:
Π1(X)
ρE //
≀σ∗

Vecr(Cp)
≀σ∗

Π1(
σX)
ρσE // Vecr(Cp) .
Here Vecr(Cp) is the category of r-dimensional Cp-vector spaces and σ∗ is given by −⊗Cp,σCp.
Proof i) This follows from the o-version of Proposition 8.5 using Lemma 3.4 and Proposition
9.2.
ii) This follows from the o-version of Proposition 8.3 again using Proposition 9.2. ✷
It is obvious that the functor ρ : Bs(XCp)→ RepΠ1(X)(Cp) is faithful. For a point x ∈ X(Cp)
the functor
RepΠ1(X)(Cp) −→ Rep π1(X,x)(Cp) , (Vy)y∈X(Cp) 7−→ Vx
into the category of continuous finite dimensional Cp-representations of π1(X, x) is an equiv-
alence of categories as in [May99] Ch. 2, § 4. In particular, we obtain the following conse-
quence:
Corollary 9.6 For a smooth, complete variety X over Qp and any point x ∈ X(Cp) the
fibre functor Bs(XCp)→ VecCp , E 7→ Ex is faithful. The evaluation map
Γ(XCp , E) −→ E
π1(X,x)
x , s 7−→ s(x)
is injective.
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Proof The first assertion is clear. For the second, note that the trivial line bundle OXCp is
in Bs(XCp). Hence the map
Γ(XCp , E) = HomXCp (O, E) −→ Homπ1(X,x)(Cp, Ex) = E
π1(X,x)
x
is injective.
Given a vector bundle E in Bs(XCp) and sx ∈ E
π1(X,x)
x we can use the parallel transport
ρE to construct a set theoretical section s : X(Cp) → E(Cp) with s(x) = sx as follows.
For y ∈ X(Cp) choose an e´tale path γy from x to y and set s(y) = ρE(γy)(sx). Since
sx is π1(X, x)-invariant the value of s(y) is independent of the choice of γy. Applied to
the bundle E = Hom(F,G) for bundles F,G in Bs(XCp) it follows that to every equivariant
homomorphism ϕx ∈ Homπ1(X,x)(Fx, Gx) we obtain a family of Cp-linear maps ϕy : Fy → Gy
for y ∈ X(Cp). It would be nice to have a direct argument that s is algebraic resp. that the
ϕy’s are the fibres of a morphism ϕ : F → G of vector bundles. This seems to require p-adic
Hodge theory as in [Fal05] with the consequence that
Γ(XCp , E)
∼
→ Eπ1(X,x)x
and more generally
HomXCp (F,G)
∼
→ Homπ1(X,x)(Fx, Gx)
are isomorphisms. The latter assertion means that the functor
Bs(XCp) −→ Rep π1(X,x)(Cp)
is fully faithful. ✷
We end this section with the following theorem which shows that numerically flat reduction
implies numerical flatness.
Theorem 9.7 The bundles E in Bs(XCp) are numerically flat on XCp .
Remark If X is a smooth projective variety over Qp the numerically flat bundles on X
are the ones with vanishing rational Chern classes which are semistable with respect to
all (equivalently one) polarization, see [Sim92] Corollary 3.10 and Remark and [DPS94],
Theorem 1.18 and Corollary 1.19.
Proof By definition there are a model X over Zp of X and a vector bundle E in Bs(Xo) with
E⊗oCp = E. Since Bs(Xo) = Bp(Xo) by Theorems 5.4 and 7.1 there exists a good trivializing
cover π : Y → X for E1 = E mod p over (X, U) for some open smooth quasi-projective
subscheme U of X . Since πCp : YCp → XCp is proper and dominant, it is surjective. Hence
it suffices to show that π∗CpE is numerically flat on YCp . Replacing X by Y etc. we may
therefore assume in addition that X/Zp is a good model and that E1 is a trivial bundle on
X1 = X ⊗Zp Zp/p = Xo ⊗o o/p. Let α : Z → XCp be a morphism from a smooth projective
curve Z over Cp to XCp . We have to show that α
∗E is semistable of degree zero. Let K/Qp
be a finite extension field in Qp such that X is defined over oK , i.e. X = XoK ⊗oK K for a
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proper flat oK-scheme X (with geometrically reduced special fibre). Since o is the filtered
union of finitely generated normal oK-subalgebras A we can spread out the situation over
some such A using finite presentation. To be precise, there exist:
i) a vector bundle EA over XA = XoK ⊗ A with EA ⊗A o = E and such that EA ⊗ A1 is a
trivial bundle on XA1 = XA ⊗A A1 where A1 = A/pA, and
ii) an AK-morphism αAK : ZAK → XAK = XA ⊗A AK = XK ⊗K AK where AK = A⊗oK K
and XK = XoK ⊗oK K such that
a) ZAK ⊗AK Cp = Z and
b) αAK ⊗AK Cp = α : Z → XCp .
Taking the closure ZA of ZAK in XA with its reduced structure we obtain an A-morphism
αA : ZA → XA from a proper A-scheme ZA such that αA⊗AAK = αAK . The vector bundle
FA = α∗AEA is trivial modulo p.
Choose a prime ideal p of height one in A containing a prime element πK of oK . In fact,
any prime ideal p in A corresponding to the generic point of an irreducible component of
SpecA ⊗ oK/πKoK (which is non-empty since A ⊂ o) will do. Since A is normal Ap ⊂ Cp
is a discrete valuation ring. Moreover p ⊃ πKA ⊃ pA. Let R be the strict Henselization of
Ap in the algebraic closure of Q(A) = Quot(A) in Cp. Then R is a discrete valuation ring
with quotient field Q ⊂ Cp and separably closed residue field κ ⊃ oK/πKoK . Let (Z,F) be
the base extension of (ZA,FA) via A ⊂ R. The restriction of F to the special fibre of Z is
trivial since FA⊗AA1 is trivial and A ⊂ R induces a map A1 → R/p→ κ. The generic fibre
ZQ = Z ⊗R Q is a smooth projective curve over Q since ZQ ⊗Q Cp = ZAK ⊗AK Cp = Z is
a smooth projective curve. Possibly replacing Z by the closure of ZQ in Z we may assume
that Z is integral and flat over R. Then Z is a model of ZQ over R. We can now apply
[DW05] Proposition 14 and obtain that FQ = F ⊗R Q is semistable of degree zero on ZQ.
It follows that FQ ⊗Q Cp = α∗E is semistable of degree zero on Z as was to be shown. ✷
Remark Theorem 7.1 which requires some work could easily have been avoided in the above
proof since the simple descent argument in the beginning of section 7 shows that any bundle
E in Bs(Xo) = Bm(Xo) lies in Bt(Xo) for some t ∈ Zp with |t| < 1. Instead of working with
E1 = E mod p we would then work with E mod t.
10 Line bundles and the category B♯(XCp)
In this section we will enlarge the class of vector bundles for which parallel transport can be
constructed. The resulting category B♯(XCp) contains in particular all numerically flat line
bundles on XCp i.e. all line bundles in Pic
τ (XCp) if X is projective. For B
s(XCp) itself this
is not known in general.
Definition 10.1 For a smooth complete variety X over Qp let B
♯(XCp) be the full subcate-
gory of vector bundles E on XCp with the following property: For each closed point x of X
there is a proper morphism α : X ′ → X from a smooth complete variety X ′ to X such that:
i) α is finite e´tale surjective over an open neighborhood U of x, and
ii) α∗E is in Bs(X ′Cp).
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As a special case of the definition note that a vector bundle E is in B♯(XCp) if α
∗E is in
Bs(X ′Cp) for some finite e´tale surjective morphism α : X
′ → X from a smooth, complete
variety X ′ to X .
By definition Bs(XCp) is a full subcategory of B
♯(XCp). The new category B
♯ inherits all the
good properties of Bs and contains all relevant line bundles:
Theorem 10.2 The additive Cp-linear category B♯(XCp) is stable under extensions, tensor
products, duals, internal homs and exterior powers. Moreover it contains all numerically
flat line bundles on XCp . For a morphism f : X˜ → X of smooth complete Qp-varieties,
pullback by f induces a functor f∗ : B♯(XCp) → B
♯(X˜Cp). For σ ∈ GQp and E in B
♯(XCp)
the conjugate bundle σE is in B♯( σXCp).
Proof Given finitely many bundles E1, . . . , En in B♯(XCp) and a closed point x of X the
morphism α : X ′ → X in Definition 10.1 can be chosen such that besides i) the bundles
α∗E1, . . . , α
∗En are in Bs(X ′Cp). This follows by a similar argument as in the proof of
Lemma 3.12. Now, all assertions except the one about line bundles follow from Corollary
9.3 and the functorialities of Bs in Theorem 9.5. For the assertion about line bundles,
using Chow’s lemma we may assume that X is a smooth projective variety over Qp. Let
A = AlbX = P̂ic
0
X be the Albanese variety of X . It is an abelian variety over Qp. The choice
of a point x ∈ X(Qp) determines a morphism f : X → A with f(x) = 0 such that pullback
along f induces an isomorphism
f∗ : Pic0(ACp)
∼
→ Pic0(XCp) .
Descend A to an abelian variety AK over a finite extensionK of Qp, choose a model ZoK over
oK of AK and set Z = ZoK ⊗oK oK . By Lemma 3.8 applied to the proper pair (Z, A) there
are a finite extension L of K and a very good normal model YoL over oL of an abelian variety
AL over L with A = AL ⊗L Qp. By [Ray70], Corollaire (6.4.5), the group functor Pic
τ
YoL/oL
is representable by a separable group scheme. It is locally of finite presentation over oL by
[Ray70], The´ore`me (1.5.1) and its generic fibre is Pic0AL/L. Hence the subgroup Pic
τ
YoL/oL
(o)
is open in Pic0AL/L(Cp). By [Col89], Theorem 4.1, the cokernel is torsion. For any bundle
Q˜ ∈ Pic0(ACp) some power Q˜
b therefore extends to a line bundle M on Y = YoL ⊗oL oK
with Mk ∈ Pic
τ
Yκ/κ(k) where κ is the residue field of oL. Enlarging b if necessary we may
assume that Mk ∈ Pic
0
Yκ/κ(k) = Pic
0(Yk). Hence the line bundle Mk is Nori-semistable
on Yk and therefore M ∈ Bs(Yo). It follows that for any Q˜ in Pic
0(ACp) some power Q˜
b
is in Bs(ACp). With these preparations in place let L be a numerically flat line bundle on
XCp . Then some power L
a is in Pic0(XCp) and hence of the form L
a = f∗(Q˜) for some Q˜
in Pic0(ACp). Choose b as above such that Q := Q˜
b is in Bs(ACp) and set N = ab. Then we
have
LN = f∗(Q) .
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Define the smooth complete variety X ′ by the cartesian diagram
X ′
f ′ //
π

A
N

X
f // A .
Then π is finite e´tale, and since Q ∈ Pic0(ACp) we find
π∗(L)N = π∗f∗(Q) = f
′∗N∗(Q) = f
′∗(Q)N .
Hence we have
π∗(L) = f
′∗(Q)⊗ P
for some line bundle P on X ′Cp with P
N ∼= O. By Kummer theory we have
Pic(X ′Cp)N
∼
→ H1e´t(X
′
Cp
, µN ) ∼= H
1
e´t(X
′, µN) .
Let X ′′ be a connected component of the e´tale µN -torsor over X
′ corresponding to P . Then
pullback by the resulting finite e´tale morphism π′ : X ′′ → X ′ trivialises P . Setting π′′ = π ◦π′
it therefore follows that
π
′′∗(L) = π
′∗f
′∗(Q)⊗ π
′∗P = π
′∗f
′∗(Q) .
Since Q is in Bs(ACp) it follows from the functoriality of the categories B
s that π
′′∗(L) is in
Bs(X ′′Cp). Since π
′′ : X ′′ → X is finite e´tale surjective it follows from the definition of B♯
that L is in B♯(XCp).
It remains to construct the parallel transport also for the bundles E in B♯(XCp). Given E
there exist an open covering U of X and for each member U of the covering U a proper
morphism α = αU : X
′ → X from a smooth complete variety X ′ = X ′U over Qp such that
α−1(U) → U is finite e´tale surjective and α∗E is in Bs(X ′Cp). We may assume that U is
stable under finite intersections. Using the same arguments as in the proof of Lemma 3.13
we may also assume that a finite group G = GU acts on X
′ over X such that α−1(U)→ U
is Galois with group G. The theory of the parallel transport for bundles in Bs(X ′Cp) gives
representations attached to α∗E:
ρα∗E : Π1(X
′) −→ VecCp .
There is a transitive system of isomorphism
(17) ρα∗E ◦σ∗ = ρσ∗α∗E = ρα∗E
since α ◦σ = α. The inclusion α−1(U) ⊂ X ′ induces a functor
Π1(α
−1(U)) −→ Π1(X
′) .
Composition with ρα∗E induces functors
ρUα∗E : Π1(α
−1(U)) −→ VecCp ,
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for which the analogue of (17) holds. Since the finite e´tale covering α−1(U) → U is Galois
with groupG, it follows from [DW05] Proposition 31 that there is a unique continuous functor
ρUE : Π1(U)→ VecCp
such that
ρUα∗E = ρ
U
E ◦α∗ : Π1(α
−1(U)) −→ VecCp .
Using functoriality of parallel transport for Bs and the uniqueness assertion in [DW05] Propo-
sition 31 one can show that the functors ρUE are compatible with inclusions V →֒ U in U.
Using Theorem 4.1 it follows that they are all induced by a unique continuous functor
(18) ρE : Π1(X) −→ VecCp .
✷
Theorem 10.3 The parallel transport (18) for bundles E in B♯(XCp) is independent of all
choices in its construction. The resulting Cp-linear functor
ρ : B♯(XCp) −→ RepΠ1(X)(Cp)
is exact and respects tensor products, duals, internal homs and exterior powers. Theorem
9.5 and Corollary 9.6 (with the same proof) continue to hold for B♯ instead of Bs.
The proof is straightforward.
For curves, one can extend parallel transport even to the category of vector bundles E on
XCp for which there exists a finite but not necessarily e´tale morphism α : X
′ → X from a
smooth projective curve X ′ over Qp such that α
∗E is in Bs(X ′Cp), see [DW10]. The main
ingredient of this proof is a ”no-monodromy theorem” around the singular points of α on X .
It seems conceivable that the theory of parallel transport can similarly be extended to all
bundles E on XCp for smooth complete varieties X for which there exists a surjective mor-
phism α : X ′ → X from a smooth complete variety X ′ over Qp such that α
∗E is in Bs(X ′Cp).
This property would follow if parallel transport existed for all numerically flat bundles on
XCp as one may hope.
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